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Chapter 1

Introduction and Overview

The holographic principle states that we can understand the physics inside a given volume,
provided, we have a good knowledge of a particular theory at the boundary of the volume [}, 2].
One important result in black hole physics is that the entropy of a black hole is proportional
to its event horizon area [3], and is independent of its volume. This result has a remarkable
similarity with the holographic principle. The AdS/CFT correspondence, which relates the
strongly correlated quantum field theory (gauge theory) to the classical gravitational theory in

one higher dimension, is the first concrete realization of the holographic principle.

A conformal field theory (CFT) is a field theory which is invariant under conformal transfor-
mations [4]. On the other hand, the anti-de Sitter (AdS) spacetime is a solution of the Einstein
equation with a constant negative curvature [5]. The original formulation of the AdS/CFT
duality, proposed by Juan Maldacena, had related the A/ = 4 super conformal gauge theory in
(341) - dimensions and the gravitational theory in five dimensional AdS spacetime (AdSs x S°)
[6].

The gauge theory can describe, the strong force, weak force, and the electromagnetic force.
However, it is very difficult to compute a gauge theory when the theory is strongly coupled.
On the other hand, in duality, a strongly coupled theory is mapped to a weakly coupled theory
[7]. Therefore, the AdS/CFT dictionary can be used to analyze the strongly coupled gauge
theory by studying the weakly coupled gravitational theory. Since its inception, it has been



used extensively to study different areas of physics, such as quantum chromodynamics, (QCD),
quantum gravity, condensed matter physics, the black hole physics, relativistic fluid dynamics,

information theory, etc [8]-[15].

A key point in which quantum mechanics differs from classical mechanics is the possibility of
quantum entanglement. Two or more quantum particles are said to be entangled if the actions
performed on any one of the particles affects the other, regardless of the distance between
them. Quantum entanglement between two subsystems is characterized by a quantity called
the entanglement entropy (von-Neumann entropy). Recently entanglement entropy (EE) has
been an active area of research [16]-[22]. Computation of EE in (1 + 1) - dimensional gauge
theory involves the replica trick [19]. However, except in a few simple cases, the computation
of EE using the replica trick is difficult or impossible [23]. The famous Ryu-Takayanagi (RT')
proposal gives a handle to compute the EE using the holographic principle. Consider a (d +
2) - dimensional asymptotically AdS spacetime (M) with a (d + 1) - dimensional conformal
boundary (OM). Then at a constant time slice one has to chose a closed region A on OM to
define the EE between the degrees of freedom inside the region A and the rest. If v, is the
minimal area at a constant time slice in M with, 0y4 = 0A, then the RT proposal states that

the holographic entanglement entropy (HEE) of the subsystem A is given by [24] [14]

_ Area(7,)

S :
T 4G

(1.1)

where G(q49) is the (d + 2) - dimensional Newton constant. It has been argued in [25]-[28§]
that there is a link between the entanglement structure of quantum states in the C'F'T" and the
spacetime geometry of the dual bulk theory. This means that the study of EE can shed light

on the unsolved mysteries in gravity.

Computational complexity is a well known term in computer science. It quantifies the dif-
ficulty of carrying out a task. In quantum mechanics, a quantum state undergoes a unitary
evolution. Quantum computational complexity quantify the difficulty to implement such uni-
tary operation. More precisely it can be interpreted as the minimum number of gates required
to implement a unitary operator. In [29], the concept of computational complexity was used

for the first time in black holes as an argument to counter the AM PSS firewall proposal. The



AMPS firewall theory [30] is connected to the phenomena of Hawking radiation |31, [32]. The
Hawking radiation talks about the formation of an entangled pair of photons near the event
horizon, with one of them falling into the black hole and the other moving away from the
black hole. However, after the Page time [33], the outgoing photon must be entangled with
both the infalling photon and, independently, with the past Hawking radiation. This violates
the principle of monogamy of entanglement, which states that any quantum system cannot be
simultaneously entangled with two independent quantum systems. The AMPS firewall pro-
posal was to provide a resolution of this violation, but resulted into a paradox. In [28], it was
proposed that the outgoing and ingoing photons are connected by the Einstein-Rosen bridge
(wormhole). Thus the photons are not independent and satisfies the principle of monogamy of

entanglement.

One important property of the Einstein-Rosen bridge (ERB) is that it grows forever. On
the other hand, the black hole horizon grows until it attains a final value. Then we say that the
entropy has attained its maximum value and the black hole is in thermal equilibrium. This led
to consider the computational complexity as the dual of the growing ERB as quantum states

evolves forever and hence the complexity. The holographic computational complexity is given

by [34]
V(tL,tR)
Gy

where V(t1,tr) denotes the volume of ERB. This volume is the extremal volume of the codi-

Cy(tr,tg) = (1.2)

mension one bulk surface that ends on the boundary times ¢; and tz. Moreover, ¢ is some
length associated with the geometry of spacetime and G is the Newton constant. There is
another notion of computational complexity, called the subregion complexity. The holographic
subregion complexity (HSC) is related to the volume enclosed by the Ryu-Takayanagi extremal
surface in the bulk. The HSC is given by [35]

V(7)

CV B 87TRGN ’

(1.3)

where V(7) is the volume enclosed by the Ryu-Takayanagi extremal surface, R is the radius of

curvature of the spacetime and Gy is the Newton constant.



Another proposal to compute the complexity involves the computation of a classical action
on the Wheeler-De Witt patch [36], 37]

Aw(tr, tr)

Cwl(tr,tr) = - ;

(1.4)

where Ay is the action evaluated on the Wheeler-De Witt patch with suitable boundary times
(tr,tgr).

In this thesis, various aspects of holographic entanglement entropy (HEE) and holographic
subregion complexity (HSC) have been studied. Various chapters in this thesis are based on

the following publications [38]-[41].

The thesis has been initiated with a brief review of HEE and entanglement thermodynamics for
a (2+1) - dimensional quantum many body system with an anisotropic scaling symmetry near
its quantum critical point. A detailed computation of thermodynamical first law-like relation
has been performed. The law named the first law of entanglement thermodynamics has related
the change in entanglement entropy with the change in energy, entanglement pressure, and the

entanglement chemical potential.

In chapter 3, which is based on the work [38], we have tried to find a relation between the
change in HSC and the change in HEE. To accomplish the task we have chosen the pure Lifshitz
spacetime and an asymptotic Lifshitz spacetime respectively as the ground state and excited
state. A connection between the change in HSC and the change in energy, which may be re-
garded as an analogous relation corresponding to the first law of entanglement thermodynamics,

has been found.

Holographic entanglement entropy for a (3 + 1) - dimensional Lifshitz black hole has been
obtained in chapter 4. This chapter is based on the work [41]. The entanglement entropy has
been studied in both the infra-red and ultra-violet limit. Near horizon behaviour of HEE has
also been studied. A notion of generalized temperature has been introduced in terms of the
renormalized HEE. The generalized temperature is found to be smoothly reducing to the black

hole temperature in the infra-red limit.

In chapter 5, which is based on the work [39], HEE for a Reissner-Nordstrom black hole in



AdS spacetime has been studied. Our analysis is valid for any arbitrary dimension of spacetime.
Note that in the case of the AdS-RN black hole, the state space of the field theory depends
upon two physical parameters, namely, the charge ) and temperature Ty of the black hole. We
have computed the HEE in different charge and temperature limits. At last we have obtained

the first law of entanglement thermodynamics.

In chapter 6, which is based on the work [40], holographic subregion complexity for a
boosted black brane has been computed. The boosted black brane has an asymmetry due
to the boost parameter. This asymmetry has been investigated in the context of complexity.
Holographic computation of the Fisher information metric and the fidelity susceptibility have
been performed. These are important concepts of distance between two states in quantum
information science. The holographic expressions for the Fisher information metric and fidelity
susceptibility do not match with each other, though, they are related in general in quantum

information theory. This is an important observation in this chapter.

Finally, we summarize the findings in this thesis in chapter 7.



Chapter 2

Review of entanglement

thermodynamics for a Lifshitz system

We begin with the discussion of holographic entanglement thermodynamics for a Lifshitz system
in this chapter. The discussion here is based on [42]. A system in thermal equilibrium can
be described by a few macroscopic quantities, like, energy, pressure, temperature, entropy,
volume, and certain chemical potentials associated with conserved charges of the system. These
quantities are related to each other by certain laws called the laws of thermodynamics. First
law of thermodynamics is one such law which simply describes the law of the conservation of
energy. It relates the change in energy (dE) to the change in entropy (dS) of the system by a

proportionality constant, the temperature.

On the other hand, if the system is away from thermal equilibrium the macroscopic quan-
tities may not be well defined. However, we can still compute the entanglement entropy. For
a quantum system, the quantum information can be encoded in entanglement entropy even if
it is away from equilibrium [16]-[22]. The energy or the energy density of a system can also be
given independently whether it is at or away from equilibrium. Therefore it is natural to ask
whether there exists a thermodynamical first law like relation when the system is away from
equilibrium. This question has already been addressed in affirmative in [43] [44] for some excited

state of certain quantum system. They have studied the relation of the change in holographic



entanglement entropy (HEE) [24] [14] and the corresponding change in energy of the excited
state of the system. It was found that the change in energy is proportional to the change in HEE
for sufficiently small subsystem. The constant of proportionality was found to be related to the
size of the entangling region which was identified as the inverse of entanglement temperature

(Tent) to make a contact with the first law of thermodynamics.

However, the simple relation dE = T.,;dS, is true only for rotationally and translationally
invariant excited states as studied in [43]. For anisotropic excited states, the change in entan-
glement entropy will contain a pressure like term in addition to the energy term, as obtained

in [44] 45]. This pressure like term can be called entanglement pressure.

However, in all the cases, relativistic system was studied to find the first law of entanglement
thermodynamics. In this chapter, we shall try to find a first law like relation for the excited
state of a Lifshitz system in (3 4 1) - dimensions. The Lifshitz system is both non-relativistic
and non-conformal. In addition, the excited state has been chosen to be non-isotropic. This
leads to the addition of an extra term in the change in HEE, identified as entanglement chemical

potential.

2.1 Lifshitz theory

In this section we will provide a brief description of the system chosen for computing HEE. One

can obtain a (3 4 1) - dimensional Lifshitz metric from the bulk action ([46, [47]) of the form,

1
167Gy

1 1
/ d'zy/—g (R =20 = JFL P - 5m%ax#A“) (2.1)
where A is the cosmological constant and A, is a massive gauge field. The above action can be
varied to obatin the following equations of mation

1 1 1
Ry = Agu + 3 oE — ngUFp”gW + §m2AﬂAy

V. F" = m*AY (2.2)



These equations of motion have a solution of the form [48]

d 2
ds* = —r®*dt* + r*(do* + dy?) + Lz
”

A = aridt, azzm (2.3)

z

with a choice A = —1(2® + z +4) and m? = 2z. It is evident from that the solution has
a scaling symmetry : ¢t — \t, v — Az, vy — Ay, 7 — A~!r, where z is the dynamical scaling
exponent and « is a constant. The spacetime is the gravity dual of a (2+1)- dimensional
quantum many body system with a Lifshitz symmetry near its quantum critical point. We are

considering this unperturbed Lifshitz spacetime ({2.3]) as the ground state.

As we are interested in obtaining a thermodynamical first law like relation, we need another
spacetime which can be cosidered as an excited state. One may consider asymptotic Lifshitz

spacetime as an excited state. We consider an asymptotic Lifshitz spacetime as prescribed in

[48] Y

d 2
ds” = =1 (14 ha(r)de + 72 (1+ hoy(r))da? +1%(1 4 hy, (1) dy? +

+2[=1P1,(1) + 1202, (1)] dtdz + 2[—1% 01, (1) + 17209, (7)] dtdy + 2r*hyy (1) dzdy

A = ar®[(1+ar) + %htt(r))dt + V1 (r)dx + vy, (r)dy] . (2.4)

The asymptotically Lifshitz space-time follows when hy (1), Ry (1), Ry (1), V12(1), V2z (1), v1y(7),

Uy (1), hay(r), and a,(r) go to zero as r — oo. Here h,, = 0 gauge is chosen. Also a, = 0 has
been chosen to make the perturbations constant in the boundary directions. Furthermore one

can define

hu(r) = f(r
(7)

(r) — ta(r)
). (2.5)

>
8
8
—
=
N—
I
x>

+ td(?")

>
<
<
—~

=
N~—

w

ag = Jr

Substituting this in eq.(2.1]), one may obtain the linearized action [48]. The solutions obtained

by solving the equations of motion in radial gauge, resulting from the linearized action have

8



different forms for z = 2 and z # 2 [48], 49, [50]. They are, for z = 2,

) c+clnr
j(r) = R
4y —5c +4cpInr
f(/r') - 12T4 )
4+ 5 +4cInr
k(r) = 2474 ’
t
ta(r) = -2 (2.6)
r
and for z # 2,
(z+ 1)y (z+ 1)co

1 c (52 —2—5,) Co

flr) = (z+2)r=t2 " (2424 8,) pr+2+8)]
k;(r) _ 1 C1 B (32 —4— Bz) C2
() T (2424 B,) palet2rss)]
tq
ta(r) = /r.zfQ 27)

where 82 = 922 — 202 + 20 = (2 +2)* 4+ 8(z — 1)(2z — 2) and ¢, ¢z and ¢4 are integration

constants. With this setup in hand we now move on to compute the HEE.

2.2 Entanglement Entropy

In this section we will compute the HEE for the pure Lifshitz spacetime and the asymptotically
Lifshitz spacetime. The entangling region is taken to be a straight belt of width [ in the
following form

<z<., 0<y<L. (2.8)

DN | =~
DO | =~

The prescription of computing, HEE as described in [24] [14], talks about static minimal area
of the hypersurface in the bulk whose boundary coincides with the boundary of the subsystem
at 7 = oo. One can parametrize the extremal surface by @ = z(r) as the straight belt has

translational invariance along the y direction. Now we may use the metric (2.3 to write an



expression for area of the hypersurface for Lifshitz spacetime as

L
A0 = / dm/ dy /1" (x)? + rt
L 0

/2 / 2
= oon [ a1 ) (2.9)
0 r

Here 1/(x) denotes derivative of r(x) with respect to . The standard procedure of minimization

determines the function 7’/(x) which reads

rt rt(o)4
! = — — 2.10
7@ = T\1- 14 (2.10)

t

This can be arranged in suitable manner to have

r (0)2
1
x(r):/ du 2 , (2.11)

4 0)4
go) u Ti )

©) .

where 7, is the turning point of the minimal hypersurface. Using the above expression for

x(r) in Eq.(2.9)), we get

0
50 _ A0
4G
L2
oL [? (W>
= / dr L
4G(4) TEO) , 4
(i) 1
1 5. o
= 2LS — =L 2.12
4@(4)[ el 212

where ¢ is the cutoff for the r integral. Furthermore the length of the subsystem [ can be
obtained from Eq. (2.10]) in the following way

§
/dat—/r(o)dr 4 B g . (2.13)

(0)

With this result in hand we now proceed to compute the HEE for the same subsystem ([2.8))
in asymptotic Lifshitz spacetime. The change in metric will lead to a change in HEE although
we keep the same entangling subsystem. As the length [ of the subsystem is fixed the change

10



in metric will change the turning point of the minimal hypersurface. The new turning point r;

would be r, = TEO) + 07, where 0r; is the change in the turning point.

We start by considering the minimal surface to be parametrized by x = z(r) as in the case of

pure Lifshitz spacetime. The expression of area for the perturbed metric (2.4) is given by

A=2L /0 v Ay /()1 + Dy, ()] + P41+ Dia (1) + By (1) (2.14)

To obtain the HEE we have to minimize the above integral. This in turn determines the

function r/(z) which reads

, 2L+ () + by ()] = P41+ T () + By (1)
T = 1+ By, (1) (2.15)

where ()1 is a constant of integration. To fix the value of )1 we use the fact that »'(x) = 0 at

the turning point r = r;. Therefore we have
Q1 = [1 4 huw(re) + hyy(ry)]r. (2.16)

Note that we are interested in small perturbbations around the pure Lifshitz spacetime. For this
the length of the strip (1) is assumed to be small. Therefore the hypersurface in the bulk will
penetrate only the ultra-violet region of the perturbed Lifshitz spacetime. This in turn means
that turning point r; lies very close to the boundary and h’s are small. Holographically this
implies that we need not bother about the infra-red geometry and the asymptotic behaviour of

the perturbed Lifshitz spacetime (eq.(2.4)) needs to be considered only.

Integrating eq.(2.15)) from = = 0 to = [/2, we obtain upto first order in h

[ © dr 1 1
L / —— {1 P = ) () + By (1)

r2f(r,ry
1 [ (re) + hyy(re) — haw(r) — hyy(r)] (2.17)
2f2 (Ta Tt)
where f2(r,r;) = (r/r;)* — 1. Since we are keeping [ fixed, we also have
l o dr
= = . 2.1
2 /r@ r2f(rri”) 21

11



Above two expressions can be equated to have

o0 dr 1 1
_  _ a0 _er il _Z
ory = —Nry'ry /Tt () {hm(r) + 2hyy(7“) Q[hxr(rt) + Py (11)]

[P (14) + Py (re) = P (1) — Py (1)]
_ e } (2.19)

with

N O S R A V0
N‘{/1 52\/547—1} VTG 220

Setting dr, = 0 [44], we get the following condition on the perturbations

[hmg}l;%(m] - Pl {h“’(” (1 e m) i R (1 ’ ﬁ) }42'2”

Further the width of the entangling region [ is same as the pure Lifshitz geometry. Since dr; = 0,

we have r, = r\* in all the equations. Using this condition in eq.(s)(2.14, [2.15) we get arca
upto order O(h), given by

5 ri” 4
h L=)" Py
A — A(O) + L/(O) d?“ [ yy(r) + ( r ()0) (T)] (222>
g -y

and the same expression for x(r) as in eq.(2.11]).

The change in HEE due to the change in background geometry is given by

AS =

0 i
A A0 ] /5 o () + (B0)! haa ()] (2.23)

))4
Gy~ 4G o™ V1- ()

Now we may use this expression to explicitly compute the change in HEE for z = 2 and z # 2.

Using the expressions for h,,(r) and hy,(r) from (2.5))-(2.7) in (2.23)) we get for z = 2,

L al(3) 132¢; 48ty 352 8w, 32
AS = 1 [ - 208 Oy L2 ] 2.24
4G 24T (5 L5 5 talyy —5)pehn (224)
and for z # 2
L & T(H2) 1 Loig gy DEEE) 204+ 8, — 32)
AS = [ 1 2%, — t (s+2-8:) 18 : ] 2.25
1Gpp 21 D) w3y O~ ) F e ey T, g, ) (8%9)

12



2.3 Entanglement Thermodynamics

In this section, we will try to express the change in HEE (AS) in terms of the holographic
energy-momentum tensor. This would then look like the first law (of thermodynamics) like
relation involving the change in HEE and the change in energy. Varying the action with
respect to the boundary metric would give us the various components of the stress tensor. The

expressions for the stress tensor in terms of the functions defined earlier have the form [4§],

Ty = —r*' [27’&/6(7”) + o (zj(?“) +19,:j(r) + %7’87“][(7“))}
T = —2r (e = i)~ 3050) — Fouk0) 3+ Dt
Ty = —2 = 0s) = J s - Jok) + 4+ 2] 229

It should be noted that the stress tensor complex of Lifshitz theory has a contribution from the
massive gauge field. The linear action may be varied with respect to the massive gauge field to

obtain another function givn by

so(r) = art® 3(0) + 10,(57(6) + 40 (2.27)

It should be noted that the above term is not conserved though it will be useful to express the
change in HEE as a first law of thermodynamics. Moreover the above expressions for the various
components of the stress tensor is true only for the vacuum solution. The analysis of strees
tensor when a scalar field of mass m is added to the gravity action has been considered in
[51]. Tt has been pointed out there that a z-dependent Breitenlohner-Freedman bound [52] 53]
is required for the finiteness of the scalar field action in Lifshitz spacetime. However, a thorough
analysis of the stress tensor for Lifshitz spacetime coupled with a scalar field has been missing in
the literature. Hence what happens if matter is coupled to the Lifshitz geometry would require
an in depth analysis and therefore would warrant a separate investigation by itself. One should

keep in mind that our results are indeed valid for the vacuum solution.

Now we rewrite the expression for AS (see (2.24)) by using (2.13]) to replace one 7; in the

13



denominator. The expression for AS for z = 2 takes the form

IL 1 32 48t 352 8r. 32
[ “a a2 T ] (2.28)

= - U
12r,2 16Ggy L 5 5 T algy ) e

To express the change in HEE in terms of the holographic stress tensors, we substitute the

functions given in ([2.6) for z = 2 in (2.26]) to obtain [4§],

1 462
Ty) = —
< tt> 167TG(4) 3
1 462
T.) — ( At ) 2.99
(o) 167G (4 a2 ( )
Using these in (2.28)) we get,
m (324 — 30m) 10 80 Ll
AS = Ty) Ll — ————(T,.,) Ll 1
1277 25 [< = o5 Tl LU+ s — 15 167G ) (e1 4o n”)]
(2:30)
The total energy and entanglement pressure are defined by
1/2
—1/2
= L I (Ty)
AP, = (T..). (2.31)
Furthermore the entanglement temperature can be defined using (2.13]) as [43, [44],
1277 25 4812 (3 25
Tont = —2 = (14) (2.32)
T (324—30m) 2T (1) (324 — 30m)
to rewrite Eq.(2.30) in the following way
10 160 Ll
AE =T, AS+ ————AP,V — 1 ) 2.33
A G (324 — 307) 167G () (c1Fexlnr) (2:33)

where V' = Ll is the volume of the entangling region at the boundary. This looks similar to
the first law of entanglement thermodynamics with an extra term. It is interesting to note that
so(r) for z = 2 is given by

4
= 5(01 +cylnr), (2.34)

where we have used (2.6 in (2.27). The expression for syo(r) for z = 2 looks similar to the

So(r)

last term in Eq.(2.33) provided we evaluate sqo(r) at the turning point r = r,. Furthermore
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so(1¢) /(167G 4)) has the same scaling dimension as the energy density or the chemical potential.

So we may define the chemical potential of the excited state as

So(r¢)
_ 2.35
167TG(4) ( )
to express eq.([2.33)) as
AR =TuAS+—0 apv-— 10 A0 (2.36)
= fent (54 —5m) " T (108 — 10m) ‘

where we have defined Q = m2aV = 4V in the last term, with m and « as expressed in eqs.
[2.3) and (2.2)). Also the equation of motion (2.2)) can be used to identify m?A° = m2a as some
the charge density j°. Therefore we may say that eq.(2.36) represents a modified first law of

entanglement thermodynamics for the Lifshitz spacetime for z = 2.

Let us now proceed to find a similar kind of relation for z # 2. We rewrite the expression

for the change in HEE for z # 2 by replacing one 7, in the denominator of (2.25)) as

_HrG) L e

D(§)r7 16G ) LD(3) (2 + 3)

[(#) 2448, — 32)62] |
4

1
2 _ t §(Z+2_/Bz)
(201 = taz) e T(ZEAB) 4+ 2+ 6,

AS

(2.37)
We have to express the change in HEE (AS) in terms of the stress tensor as before. The

holographic energy momentum tensor and the chemical potential for z # 2 can be calculated

as before from (2.26)) and ([2.27)) using the functions given in (2.7)) as,

1 4(z—2)
T, =
Tl = 1@, 5 O
1
<Tmc> = 167TG4 [2(2’ — 2)01 + (Z + 2)td2]
1 1 (0% l(z+2_ﬁz)
Ap = e (s0(ry)) = rGir—1 dey + coz(4 4 B, — 32)1f . (2.38)
We invert the relations (2.38) to obtain
167TG4Z < >
g = ———
1 4(2 _ 2) tt/
; 167Gy (2(Ty) — 2(Ty))
@ 2z +2) ’
167Gy (2 —2)(2 — 1)Ap — az(Ty)]
¢ = Ty (2.39)

az(z —2)(4+ B, — 32)r;
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Now eq.(2.39)) can be used to rewrite eq.(2.37)) in the following way

() K K, Ky o
where
P o R R IO
(24+3)(2 =4 () (2 —2)(d+2+6,)T ()’
1 T (1+z) 1 T (z+Bz)
K, — 4 K. = 8 2.41
2 (+3)(z+2)T (32) 7 2:(4+2+8.)T (2 (241)

The entanglement temperature can be defined as [43], 44],

2T 3
Tent = il 1(4) (242)
I (Z) K1
to rewrite ([2.40]) as,
K. K.
AE = Ty AS + — APV — 2 AuQ (2.43)
K, Ky

where we have again used Q = m?aV = 24/2z(z — 1)V. This may be called the modified first

law of entanglement thermodynamics [44] for Lifshitz system with z # 2.

2.4 Summary

In this chapter, we have reviewed the modified first law of entanglement thermodynamics for
the excited state of a Lifshitz spacetime in (3 + 1) - dimensions. The pure Lifshitz spacetime
is considered to be the gravity dual of the ground state, and the gravity dual of the excited
state is considered to be the asymptotically Lifshitz spacetime. First, holographic entanglement
entropy (HEE) for a strip-like subsystem has been computed for the ground state and excited
state by the famous Ryu-Takayanagi proposal. Then the change in HEE has been related to
the change in energy and the change in entanglement pressure. It has been observed that the
change in HEE for the Lifshitz system contains an extra term that was absent for a relativistic
system. The extra term has been identified as the change in entanglement chemical potential

times a charge Q.
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Chapter 3

Holographic subregion complexity for

Lifshitz system

In the previous chapter, we have discussed the modified form of the first law of entangle-
ment thermodynamics for an asymptotic Lifshitz spacetime. The law relates the change in
holographic entanglement entropy (HEE) to the change in energy, entanglement pressure and
entanglement chemical potential. It is well known that quantum entanglement and quantum
complexity are fundamental quantities in information theory. Furthermore, for a long time
information theory has been used to understand the fundamental laws of physics, from the
thermodynamic derivation of Einstein’s equations of general relativity [55] to the black hole
information paradox [56]. Therefore, it is natural to ask, what happens to the holographic
subregion complexity (HSC) if we change the background geometry keeping the entanglement
region unchanged and whether the change in HSC can be related to the change in HEE. We
think that it is an interesting study since this would reveal the relation between complexity

and entanglement entropy (EE).

In this chapter (based on the work in [38]), we shall first try to find the change in HSC due to
the change in background geometry and then a relation similar to the first law of entanglement
thermodynamics. We choose the non-relativistic Lifshitz system in (3 4 1)- dimensions for our

purpose. Such theories have a lot of importance in the study of condensed matter systems near
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the quantum critical point. We shall first compute HSC for the pure Lifshitz spacetime and
then for the asymptotically Lifshitz spacetime. Then we would find the change in the HSC
between the perturbed and the pure Lifshitz spacetimes, given by

ACy = C(varLs) — C(7Ls) (3.1)

where 415 is the minimal hypersurface for the asymptotic Lifshitz spacetime and vy is the
minimal hypersurface for the pure Lifshitz geometry. As both C(v.s) and C(y4rs) are divergent
quantities, the difference in HSC AC), is physically more relevant, since, their difference is a
finite quantity. We would then try to relate this change in HSC with changes in the HEE,
energy, and the entanglement chemical potential. A similar kind of investigation has been
carried out in [57] for the near horizon geometry of D3-brane shell. Further, Lifshitz spacetime
has a dynamic scaling exponent z. We shall carry out the analysis for both z = 2 and z # 2.
The chapter is organized as follows. In the next section, we compute the change in the HSC
between an excited state of the Lifshitz spacetime and the ground state. We then relate it to

the components of the holographic stress tensor. We summarize in section (3.3)).

3.1 Holographic subregion complexity for Lifshitz space-
time

In this section we will first compute the HSC for the pure Lifshitz spacetime in (3 + 1)- dimen-
sions (see eq.(2.3)) and then for the asymptotic Lifshitz spacetime (see eq.(2.4)). A strip like
entangling region has been considered for both these computations. Here we have considered
the pure Lifshitz spacetime to be the ground state and the asymptotic Lifshitz spacetime to
be the excited state. Further, we have considered the entangling region to be unchanged in
both the cases. This means that we are interested in the change in HSC due to the background

geometry only.

The entangling region in the boundary is taken to be a straight belt with width [ such that
—% <z< é and 0 < y < L, which is identical with the choice in (2.8)). As in the previous
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chapter, we have parametrized the profile of the extremal surface by z = z(r). With this set

up in hand, we now proceed to compute the HSC for pure Lifshitz spacetime, which is given by

(0) oo
o_ VY Lo _gr / 2
Cy, G’ Vv o dr r z(r) (3.2)

() is the turning point at which 7’ (x) = 0. The above integral involves the profile of the

where 7,
extremal surface x(r). We already know that computing the HSC means computation of the
volume enclosed by the minimal hypersurface whose boundary coincides with the boundary of
the subsystem lying at the boundary at a constant time slice. Therefore, the extremal surface

is the same as the extremal surface involving the computation of HEE for the pure Lifshitz

spacetime (see eq. ([2.11])), which is given by

" rt(o) 1
2(r) = /T«» du " — . (3.3)

¢ _
1 L

Substituting the above expression for z(r) in eq.(3.2)) , we have

) r T(O)Q 1
vO = 2L/ drr / du t4

© © u (01

Tt Tt 1 t

Vit (3) L& rT (3 er;;
TR “”“”

where cut-off 0 has been introduced for the r integral and we have ignored terms of order 1/§

since they are small. From eq.(3.3]), we also have

(§
/ dw = / /74 (17,
(0)

Therefore, the HSC for pure Lifshitz spacetime can be obtained by substituting eq.(3.4)) in
eq.(3.2), which is as follows

(3.5)

o 1)

CV N 87TG(4)
A [re@ee @ L o
BT U E O o




With this result in hand we shall now proceed to calculate the HSC for the asymptotic Lifshitz
spacetime given by [4§]

d 2
ds” = =1 (14 ha(r)de* + 721+ hoy(r))da® +17(1+ hy (1) dy? +

+2[=1P1,(1) + 1202, (1)] dtdz + 2[=1% 01, (1) + 17209, (1)] dtdy + 2r*hyy (1) dzdy

A = arf[(1+a(r)+ %htt(r))dt + V1 (r)dx + vy, (r)dy] . (3.7)

This is the same metric we have used in the previous chapter (see eq.). It is evident from
eq.(3.7) that the asymptotically Lifshitz space-time follows when f(r), Rue (1), hyy(r), vi.(r),
Vo (1), V1y(1), V2 (1), hay(r), and a;(r) go to zero as r — oco. This asymptotic Lifshitz metric
can be considered as the excited state of the Lifshitz spacetime. This in turn would lead to the

change in complexity due to the change in the metric.

We shall consider the minimal surface to be parametrized by z = z(r) as we did in the case of
pure Lifshitz spacetime. Therefore, the volume enclosed by the RT surface for the metric (3.7))
is given by

V= /j da:/OL dy/:dr ra(r) \/1 + P (1) + By (1) (3.8)

We have already made clear that we are interested in the change in HSC due to the change
in background only. Hence we shall keep the length of the entangling region [ fixed because
HSC depends on the turning point rﬁo) (see eq.) of the extremal hypersurface which in turn
depends on the length of the entangling region [ (see eq.). Therefore, the turning point
will change as soon as the metric is perturbed keeping the entangling region unchanged. If we
consider 7; to be the new turning point, then r; = r§°> + 0ry, where 0r; is the change in the

turning point. The expression for dr; has already been obtained in the previous chapter (see

eq. (2.19)), which is as follows

r, = —Nr9 Oo—dr r 1 r 1 r r
o = =Nrr, [ b)) = e + Byl
[Paw (1) + hyy(rt) — haa(r) — hyy(T)]
B . } (3.9)

with

I S R N €2
N‘{/l 52\/764—1} VAT(3/4)
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Now fixing [ requires o, = 0 [44]. This criteria gives us a condition on the perturbation

parameters:

e = e ) (1 2y )+ 7 (1 g ) Jo

where f2(r,r;) = (r/r;)*—1. Moreover the expression for z(r) is same as eq.(3.3)). We substitute

eq.(3.3) in eq.(3.8)) and using eq.(3.11]), we obtain

)

. (0)2
1
V=vO 4L / o @7 R (1) o Py (7)) / 0

g7 — . (3.12)
t

— g
where terms upto first order in A has been kept. Note that we are taking our subsystem length
[ to be small. Since the turning point r, is inversely related to [, it implies that r, lies close to
the boundary (r = oo). This means that the perturbation parameters h(r)’s are small enough

to keep only first order terms in the expression for volume.

Therefore, the change in HSC due to the change in metric is given by

V-V
ACy = ———
v 87TG(4)
L J r T£0)2 1
= %o /Tgf» dr 1 [Paa(r) + hyy (7)) / o du ~ — - (3.13)

ut

We may now use the expressions for h,,(r) and hy, (r) from eq.(s)(([2.5),(2.6).([2-7)) to explicitly

write the expression for the change in HSC, which is for z = 2

ac, = YITOL (a+eln?  8r+13 (3.14)
8$7G.T (71) Tt(0)3 24 288
and for z # 2
Ay V7L ol (2£2) 2c5(4 + . — 32)T (H£H1) ‘ (3.15)
876Gy O |2+ 20 (5) T (54 B+ 2)( + B — )T (FEEE)

A few observations are in order at this point. Although V and V(© . - are
divergent quantities, the change in HSC ACY is finite. This finiteness of the change in HSC

is crucial for proposing a holographic dual of the Fisher information metric as pointed out in
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[58]. In quantum information literature the Fisher information metric is an important notion
of distance between two quantum systems. The Fisher information metric is given by [59]-[60],

0 0
Gra, () = [ plaX) 51 log (o, A) 3 log p(a, Az (3.16)
x 2 Vi

where p(x,\) is the pure state density matrix corresponding to the pure state |1, (x)) of a
quantum mechanical system characterized by the parameters A = (Aq,...,\,) and n denotes
the dimension of the statistical manifold. The proposal for the holographic computation of the

Fisher information metric reads [5],
Grmm(A) = 0pF (3.17)

where m is the perturbation parameter in the bulk geometry and F ~ ACy (upto prefactors).
Moreover, similar kind of relation for the change in HEE has already been observed in the
previous chapter (see eq. (2.24) and (2.25)). However, the expressions for change in HEE

contained a term involving t4 which is absent in the above expressions for the change in HSC.

In the next section, we shall find that the expressions for the change in HSC can be related
to the change in HEE. Further, we shall also see that the change in HSC can be related to the
change in energy and entanglement chemical potential. Therefore the relation can be regarded

as an analogous expression corresponding to the first law of entanglement thermodynamics.

3.2 Change in holographic subregion complexity

We shall now express the change in HSC (ACY ) in terms of the holographic stress tensor. In
the previous chapter, we have presented the various components of the stress tensor for the

Lifshitz spacetime. It is known that the stress tensor complex for Lifshitz spacetime has a
contribution from both, the metric (see eq.(2.26))), and the massive gauge field (see eq.(2.27))).

Moreover, they are valid only for the vacuum solution.

For simplicity we rewrite the expressions for energy momentum tensor for z = 2 as obtained
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in the previous chapter,

. 1 402
(Toa) = 167TG4( +4td2) (3.18)
1 402
Ty = —_=. 1
(T) 167Gy 3 (3.19)

From eq.(3.19), we substitute ¢ in eq.(3.14) to have

B ﬁF(%)L Cl‘i_CanTIEO)
192 T () {0 Gy

+ (37 + 13)<Ttt>> . (3.20)

Now for z = 2, the total energy, entanglement pressure, entanglement chemical potential of the

excited state and charge are given by (see egs. ) and -

1/2
—1/2
AP, = (Tyu) (3.22)
1
— (0)
Ap = 125G <01 +cylnry ) (3.23)
Q = m*aLl = 4L . (3.24)

Using the above identities, we can recast eq.(3.20)) as

ent
with (5) (1)
25T (2)T (& 3 + 13
b3 (54—5m T (DT (3) ’ ( 3 ) ' (3.26)

Note that we have used the same expression for entanglement temperature (7,;) as obtained
during the derivation of first law of entanglement thermodynamics for an excited state of the
Lifshitz spacetime, given by

1277 25 48 (3) 25
m (324—30m) 1202 (1) (324 —30m)

Tyt = (3.27)

We observe from eq.(3.25)) that the change in the HSC is related to the change in energy and the
change in entanglement chemical potential. We also observe that the change in pressure AP,

does not appear in the expression for the change in HSC. This is in contrast to the expression
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for the change in the HEE (see eq.(2.36])). Note that the presence of ¢4 term (related to AP,)
in AS is responsible for the origin of AP, in the change in HEE (AS). The ¢4 term arise due
to the presence of combination h,, () + (%)4 har(r) (see eq.(2.23])) in AS. However, in the case

of ACYy, the combination hy,(r) + hy,(r) (see eq.(3.13])) arises. This combination leads to the

cancellation of the t4 term responsible for the origin of AP,.

Recall the first law of entanglement thermodynamics for Lifshitz spacetime for z = 2 which is

given by [42]

10 10
APV - AuQ . 3.28
(54— 57) (108 — 10m) 1€ (3:28)

We can recast eq.(3.25)) using the above equation in the following form

54 — 51 Tops > 54 —51) Ty

AE == TentAS +

ACy = B1AS +

(3.29)

This expression relates the change in the HSC with the change in HEE, change in entanglement

pressure and the change in entanglement chemical potential.

We can now proceed to obtain similar form of relation for the case with z # 2. The expressions
for energy-momentum tensor and the entanglement chemical potential for z # 2 was obtained

in the previous chapter, which reads

1 z—2
(Tu) = ymrey ( . ) ¢ (3.30)
_ 1 e (0)3 (z+2-z)
Ap = 167Gy o= 1 [401 + coz(4+ B, — 32)r, : (3.31)

Inverting the above expressions we get,

z

= 4nQG T
c1 m 42_2<tt>

. 167Gy [(z — 1) (2 — 2)Ap — az(Ty)] (3.32)
2 = Lz+2-6.) '
az(z —2)(4+ 5, — 32)r;

In the above expression we have represented ¢; and ¢y as functions of (T,;) and Ap. Now the

first law of entanglement thermodynamics for z # 2 is given by [42]

K. K
AE =T, AS + —2AP,V — =2 AuQ (3.33)
K K,
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where

P I I B IC
(z43)(22 = 4)T (22) (2—2)(4+z+ﬁz)1“(#)’
1 () 1 D)
Ky, = ! K; = : 3.34
? (z+3)z+2)T (32) 7 2z(d+ 2+ o) T (FEE) (3:34)
with the entanglement temperature
rl (3
ent = ﬂfT()éll)ﬁ (3.35)
4

Using the above expression for entanglement temperature and ¢y, co from eq.(3.32)), we can

write eq.(3.15)) as
1

ent
where Dy and Dy are given by
z z+8.+4
oo 2 [T z r ()

Ky |4(22 -4

~—

L(#2)  (=-2)(z+B: +2)(z + 8. — 2) T (Z52)
r (z28+1)

D, =
i 2+ B — 2K, T (2215)

(3.37)

—~| =

wz(z + B, + 2)

and we have used the fact that Q = m?aLl = 21/22(z — 1)Ll is the total charge. Therefore we
can see that as in the case of z = 2 | the change in HSC for 2z # 2 is also related to the change

in energy and the change in entanglement chemical potential.

Finally we can use the egs.(3.33) and (3.36) to relate the change in HSC with the change in
HEE, which is as follows

ACy = D1AS +

KoDy AP,V KsDi\ A
2471 _|_ (DQ— 3 1) /’LQ ) (338)

Kl Tent Kl Tent

The above expression once again relates the change in the HSC with the change in HEE, change
in entanglement chemical potential and the change in entanglement pressure for z # 2. The

relation is the counterpart of the corresponding relation (3.29)) for z = 2.
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3.3 Summary

In this chapter, we have computed the holographic subregion complexity for a (3 + 1)- di-
mensional Lifshitz spacetime with a strip like entanglement region. This spacetime has been
considered as the ground state. Again holographic subregion complexity has been computed for
an asymptotic Lifshitz spacetime for the same entangling region. The asymptotic Lifshitz space-
time has been considered as the excited state. We would like to mention that the asymptotic
Lifshitz spacetime, which we have considered for our computations, has constant perturbation
(along the boundary directions) to the background geometry. Then we have computed the
change in complexity between the excited state and the ground state. We have computed the
change in complexity up to the first order in the perturbation parameters h,,(r) and hy,(r).
It should be noted that the change in complexity takes place due to the change in spacetime
metric, change in the turning point (r;) of the hypersurface (Ryu-Takayanagi surface), or due
to the change in the solution of the hypersurface. However, at the leading order, the change in
holographic subregion complexity is solely caused by the change in the spacetime geometry. It
was also observed that though the holographic subregion complexity for both pure and excited
states were divergent, their difference was finite. This finiteness of the change in complexity
is essential for the prescription of the holographic dual of the Fisher information metric. The
change in subregion complexity was related to the change in the energy and the entanglement
chemical potential for both z = 2 and z # 2. This may be regarded as an analogous rela-
tion corresponding to the first law of entanglement thermodynamics. Surprisingly the change
in subregion complexity does not depend on the change in entanglement pressure. This is in
sharp contrast with the change in holographic entanglement entropy. Moreover, the change in

subregion complexity was related to the change in holographic entanglement entropy.

In our computations, we have chosen the entangling region to be a straight belt but the
results would also have a similar form for a spherical disk like entangling region. This will
happen since the change in geometry of the entangling region will only change the coefficients

of various terms in the expressions.
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Chapter 4

Holographic entanglement entropy,
thermal entropy, generalized

temperature

It is well understood that holographic entanglement entropy (HEE) obeys a first law of ther-
modynamics like relation in the ultra-violet (UV) limit. This has been studied extensively in
[43, 144], where they have identified the relation as the first law of entanglement thermody-
namics. In the course of obtaining such a relation, they have defined a new quantity called
entanglement temperature (7,,). It is found that the entanglement temperature by definition
depends on the subsystem size. However, the genuine thermodynamic temperature is inde-
pendent of subsystem size. Therefore the entanglement temperature arising in the UV limit
is not the genuine thermodynamic temperature. This has led to the investigation of certain
quantities which can be connected to the real temperature. It has led to the identification of a
new quantity, the generalized temperature, that agrees with the entanglement temperature in

the UV limit and the Hawking temperature of the black hole in the infra-red (IR) limit [611 62].

Most of the studies involving holographic entanglement thermodynamics are focused on rel-
ativistic spacetimes. Relatively few investigations have been done for non-relativistic systems.

In [42], thermodynamics like law was obtained for a (3 4+ 1)- dimensional asymptotic Lifshitz
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spacetime. The Lifshitz spacetime is a well-known non-relativistic spacetime. In [38], the holo-
graphic subregion complexity for the same spacetime was computed, and a relation analogous
to entanglement thermodynamics was obtained in the context of holographic subregion com-
plexity. Investigations involving the generalized temperature in [61, 62] have been performed
for relativistic systems. In this chapter, we want to analyze the generalized temperature in a

non-relativistic framework. The chapter is based on the work [41].

A Lifshitz black hole in (3 4 1)-dimensions with the dynamical exponent z = 2 has been
considered for our purpose [63]. It is to be noted that we have two reasons to consider such
spacetime. First, scale invariant theories, which are not Lorentz invariant, play an important
role in analyzing condensed matter systems near their critical points [64]. A Lifshitz theory
exhibits such a scale invariance. Second, the analytic solution of Lifshitz black hole in (3+1) -
dimensions with z = 2 as presented in [63] is remarkably simple compared to the other analytic
solutions of Lifshitz black hole ([47],[65]-[68]). We start our analysis by computing the finite
part of the holographic entanglement entropy of the Lifshitz black hole. Then we have studied
its infrared (IR) and ultra-violet (UV) approximation. Next, to understand the divergence
structure we have investigated the near horizon behavior of the HEE. Then we have computed
the difference in HEE between a Lifshitz black hole and a pure Lifshitz spacetime. This has
been identified as the renormalized HEE. Then the notion of generalized temperature has been
introduced from the renormalized HEE. It is found that the generalized temperature reduces

to the Hawking temperature of the Lifshitz black hole in the IR limit.

4.1 Lifshitz black hole

Let us start with a brief description of the background geometry. We have already said that
our analysis is based on a Lifshitz black hole. The action for a (3 4+ 1) - dimensional Lifshitz
black hole is given by [63],

1 2 m?

S=3 /d4a: V—9(R —24/) — /d4x\/—_g <e—2¢% + 7A2 + (e72* — 1)) : (4.1)

28



This action enjoys a simple solution, given by

dt?  dz? + dy? dr?

2 _ —
ds® = f(r)TQZ = + 2 F )
2+z+4 1 r f(r)
with
2
fr)=1-— (4.3)
Th

where 7, denotes the radius of the black hole horizon and z denotes the dynamical scaling
exponent. It is evident that the above metric enjoys an anisotropic scaling as (z,y) — (Az, \y)
and t — A*t. As mentioned earlier, z is called the dynamical exponent, and in the subsequent
discussion we shall work with z = 2. As space and time scales in different way, this solution does
not obey Lorentz invariance. Therefore, the solution is non-relativistic and plays an important
role in the study of condensed matter systems near the quantum critical point. In the near
boundary limit (r — 0), the solution reduces to that of pure Lifshitz spacetime (zero
temperature metric), given by

dt*  dz? +dy*  dr?
s e
r r r
2 4 2(z—1
A::_iigiﬂ Azﬁﬁ,ahrﬁ_l_ (4.4)
r? z

ds? =

Moreover the solution (4.2)) in (3 + 1)-dimensions does not have the kinetic term for the scalar,

as the scalar is strongly coupled. However, the scalar wave equation can be solved exactly.

The black hole entropy and Hawking temperature of the Lifshitz black hole are given by

IL 1

Sy = —— = —.
h 4G 17’ h 27r?

(4.5)

To compute the HEE for a subsystem we need to choose the subsystem. We choose a strip like
subsystem which lies at the boundary of the black hole. The subsystem is of length [ with the
following specifications
l l
_ <<
g ="=79

Now the HEE is proportional to the minimal area of the hypersurface in the bulk whose bound-

0<y<L. (4.6)

ary coincides with the boundary of the subsystem at r = 0 at a fixed time [24, 14]. Let the
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hypersurface be parametrized by r = r(x), leaving the y-direction independent. Using this

parametrization we can write an expression for the area of the hypersurface, given by

A:L/W du %,/HT}((@; (4.7)
—1/2 r r

. Using the standard procedure of minimization we obtain the profile of the

o) _ \/ o (% 1) (1)

where r; is the turning point of the minimal surface in the bulk. Using the expression for r/(z)

dr(2)

where 7'(7) = =7

minimal surface, given by

we obtain the area of the minimal surface in the bulk and the length of the subsystem lying at

the boundary. They are

. 1 " P
A=2L dr o 1l=2 dr
/ 2/ f(r) (1 —ri/r) o V)@ —rt/rf)

where r,. is the ultra-violet cutoff. To make our computation easier we choose a new coordinate

(4.9)

w = r/r. In this new coordinate, we have f(u) =1 — u?/u3, where uy = r;,/r; and the scaled
UV cutoff § is defined as 6 = r./r,. Therefore, the expressions for the subsystem length and

minimal hypersurface area in the new coordinate are given by

l=2r | du u 410
o V({1 —u)f(u) (#10)

2L [! 1
A= . 411
reJs o ury/(1—ut) f(u) (&)

4.2 Holographic Entanglement Entropy

We are now ready to compute the holographic entanglement entropy for the Lifshitz black hole.
The explicit computation of entanglement entropy requires evaluation of the integrals
and which contains a term 1/1/f(u) involving the lapse function. It is to be noted that
for a (3 4 1)-dimensional pure Lifshitz spacetime the lapse function f(u) is equal to 1 [63], 46].
In that case, evaluation of integrals of the form (4.10]) and are trivial. As in our case,
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f(u) = 1 — u?/u?, computation of the integrals become non-trivial. However, they can be

evaluated analytically if we expand 1/4/ f(u) binomially as

Lts) o (4.12)

DD
flu) = Vrl(n+1)
Using the above expression in eq.(4.10) we get the subsystem length, which reads

I = Tn+ (2 +32)

2n
2 Tt
— : 4.13
re A= 2l(n+ DI(5 + 2) (rh> (4.13)

As the above expression contains infinite number of terms, a few comments on its divergence
structure is required. When r; < 7, then we can terminate the series for some value of n as
the higher order terms have negligible contribution. This implies that the subsystem length [
is small, that is, [/, < 1 with 7, kept fixed. However, when the turning point approaches the
black hole horizon (r;, — ), one cannot terminate the series unlike the previous case. Then
we have to look at the divergence structure of the expression in eq.. It is evident that the
expression for subsystem length [ goes as ~ % (:—Z) - for large values of n. We rewrite eq.

in the following way

l VTL(3/4) = TI'(n+ %)p(g + %) e\ 2
n 206/ 2 o0(n+ DI(Z + (_) : (4.14)

n=1

The second term goes as ~ > \/lin for large values of n. Therefore the series is divergent in
r;, — 73, limit (this can be seen by the comparison test). Now we add and subtract the divergent
part to rewrite the above expression as

[ VTB/4) o~ T+ )T +
n o or(s/4) 2 2T (n + 1)I'(2 +

%) (1 - ﬁ) (:_;)% N % log (1 —r2/r}) . (4.15)

In the above expression, the divergent piece \/Li log (1 — r?/r?) has been separated out. It is

n=1

important to note that, though we are considering r; — r,, the hypersurface cannot penetrate

the black hole horizon [69]. Therefore we can use the approximation r; ~ r,(1 — €), where € is

very small, to rewrite eq.(4.15]) as

% =k — % log(2€) + O(e) (4.16)
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with

I'(3/4) <= Tn+Hre+3 1
By = YTLG/M) )+Z (n+ ) (2n+4) (1 ) (4.17)
2I'(5/4) 4= 2l(n+1I(5+3) 2n

We may now proceed to compute the minimal area of the hypersurface in the bulk. As we
have to use the series form of the lapse factor (eq. (4.12)) in the area integral (eq. (4.11))), the

expression for minimal area will contain infinite number of terms, given by

A=ty Ln+3) Qn/lduﬂ. (4.18)
e = Val(n + Dug® Js VI—ut

It is interesting to note that not all integrals in the above expression are convergent. The

integral with n = 0 is divergent in the 6 — 0 limit. Therefore, we perform the computation for

the n = 0 term separately and we get

2L (1 /aT(3/4)
R G 7 o

We observe that the above expression contains 1/§ term, which is divergent. This is obvious
as A,—o is the minimal area of the hypersurface for the pure Lifshitz spacetime, which should
have a UV divergent term. Next we compute the A,>; terms and combine them with A,,_y to
get an expression for minimal area as

_2L (1 VALE/M) o~ T+ 9IG —3) AT(Z 4 1ot [\ 2
A= Ty (5 O T(1/4) D AT(n+ 102 + 1) (1 T /e =T ) (E) ) . (4.20)

The above expression for minimal area contains an UV divergence term (~ 3), which is exactly

n=1

same to that of the (3 4 1)-dimensional AdS black brane. Therefore this UV divergence is a
universal feature and does not depend on the nature of gravitational theory being relativistic
or non-relativistic. We would like to point out that we have not made any approximation to
find the expressions for subsystem length and hypersurface area . Therefore the
expressions are exact. As we are interested in the finite part of the minimal area, we subtract
the divergent term proportional to 1/4 from eq. to get

_2L( VATGMA) S Dm0 —) ()"
Afinite = T <_W + Z AP (n+ 1)D(2 + 1) (a) > ; (4.21)

n=1

where we have taken the 6 — 0 limit to neglect §2"~! term.
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As it is obvious that the finite part of area of the minimal hypersurface (Ay;yite) should depend
on the length of the subsystem (I), we now proceed to express Afinie in terms of {. For that

we use the gamma function identity I'(p + 1) = p I'(p) and the expression for the subsystem

length (eq. (4.13)) to get

- 2L \/7_TF(3/4) =1 2 I'(n+ %)F(% + %) r 2n
Afinite = r, <_W+;Z (1+ 2n—1) F(n+1)F(g+g) (E) )
2L 2\/7(3/4) l > 1 I'(n+ %)F(g + %) r, on
T <_W 2, + Z 22n—1)T(n+ 12+ ) (a) ) (4.22)

where we have used the gamma function identity I'(p + 1) = p I'(p) in the first line and the
expression for the subsystem length (eq. (4.13) in the second line. For large values of n the

2n 2n
third term in eq.(4.22)) goes as ~ 2\/1%2 (:—;) . Adding and subtracting ﬁ (:—Z) , We can

recast Aginie in the following way

%( 2vr03/4) 1§ (2( 1 F(H?F(Ei?_ | )(ﬁ)an

Afinite

Tt

T(1/4) ' 2r,

2L [ 2V7T(3/4) +L+§:( 1 D+ 0% +3) 1 ) (ﬁ)z”
R I'(1/4) 27, 22n—1)T(n+1)I(2+32)  2v2n2) \m
L (3)2 (4.23)
2\/§ ? Th '
This leads us to the expression for finite HEE
Afinite
Stinite = A4 —
Jinit 4G

_ L 2Val(3/4) 1 | I Tm+bre+3) 1 A
G (_ A o ; (2(2n — DT+ DI +3) 2\/§n2) (H)

We are now in a position to discuss the infrared (IR) behavior of HEE (Sfinite). But, before
that it is important to know what do we mean by IR limit. It is evident from eq.(4.13) that if
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we vary the length of the subsystem (1), the turning point of the hypersurface (r;) also changes
provided the radius of the horizon r, is kept fixed. Therefore the turning point will be near
to the horizon if the subsystem length is large (I/r, > 1). Physically this means that turning
point lies in IR region and mathematically r;/r, ~ 1. This is what we mean by the IR limit.

In this limit one can use the approximation r; = r,(1 — €) in the eq.(4.24)) to get

sun - _ g by 4k kg €1

Finite ht 2G(4)rh( o + k3 €+ ky eloge)
~ S k O 4.25
h+2G(4)rh 2+ O(e) (4.25)

where
L

g — 4.26
h 4G(4)T,2l ( )

is the Bekenstein-Hawking entropy of the Lifshitz black hole and

_ 2VATB/4) | 1 T+l +3 1 1
= I'(1/4) i nz::l (2(2n —1)T(n+ 12+ 2) 2\/§n2> + 2\/55(2)’
ky = M; k4:L (4.27)

22 V2

with £(2) being the Riemann zeta function. Thus, we find that the finite part of the holographic
entanglement entropy in the IR limit is the black hole entropy (thermal entropy) plus correction
terms. Since the black hole horizon radius is related to the black hole temperature (r, ~

1/4/T}), the HEE in IR limit varies as

- 1
grinite (1 4] —— 4.28
A~ ( “IT (4.28)

with ¢; being some numerical constant. This indicates that for high black hole temperature,

the entanglement entropy transforms into the thermal entropy.

If on the other hand the turning point of the hypersurface lies near the boundary we say that
the system is in ultra-violet (UV) regime. This is possible when the subsystem length [ is small
(I/rp, << 1). Physically this implies that the the turning point r; of the hypersurface will be far
away from the black hole horizon ry, (r;/ry < 1). This is what we mean by UV limit. In this
limit we can take only first few terms of the binomial expansion of 1/ \/m (see eq.(4.12)).
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Using this approximation we obtain the expression for finite part of HEE in UV limit, which is

e (rita) + s (o)

Y3 (T(1/4))° 5 (T(1/4)\"
L rmy (s ],
ry; 80m \I'(3/4) 432 \I'(3/4)
Thus the finite part of HEE in the UV limit depends on the subsystem size as S](fi]n‘;)e ~

2 (constant + O(I%)). On the other hand the finite part of HEE for a (3 + 1)-dimensional SAdS

]
black hole goes as S}%{t)e

given by

o L
finite 4G(4)l

~ 1 (constant + O(1*)) [70]. We see that the leading contribution to
the finite part of HEE depends identically on the subsystem size (~ }) for both the SAdS black
hole and the Lifshitz black hole. However the difference occurs in the sub-leading contribution
to the HEE. This happens due to the difference in lapse factors. For the Lifshitz black hole in our
consideration the lapse factor is is given by, f(r) =1— %, whereas, for the (3 + 1)-dimensional

S AdS black hole it is given by, f(r) =1 — %
h

We now proceed to get an expression for HEE in the near horizon approximation. This ap-
proximation is important when someone deals with the high temperature black holes. In this
case the black hole horizon approaches the turning point of the hypersurface (r;, — r;), which
means ug ~ 1. Therefore the integrals for subsystem length and area of the minimal hypersur-
face (eq.(s) and (4.11))) receives a major contribution when u ~ 1. Therefore we make a
Taylor series expansion of the lapse function about u ~ wug to get the following,

(u — ug)*

F) = o) + (= ) f (o) + " (o) + -+

2 (1 - %) (4.30)

where the higher order terms are neglected as u — uy < 1. Using this approximated form of
f(u) in eq.(4.10) we obtain

I VaDB/4) S T+ HDEE)  /r\"
" +ZQ\/§F(n+1)F(”T+5) (E) '

Q

r~ 2vaT(5/d) (4.31)

n=1
1 n
The second term in the above expression goes as ~ = (:—;) for large values of n. This term is

divergent in the limit r, — r; (by comparison test for infinite series). We add and subtract the
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divergent term to separate out the divergent term and rewrite eq.(4.31)) in the following way

L VETEA) S TEHDNE) N\ 1 (o
E_z_ﬂf(5/4)+;<2\/§ C(n+ 1)0(%2) ﬂn> <E> V3% (1 rh)' 432)

As the hypersurface cannot penetrate the black hole horizon we can use the approximation

re > (1 —€) [69]. Using this the subsystem length can be written as

[ 1
H =C — ﬁ 10g€ + O(E) (433>

with

CVETEM) S Tehresh
Cl_zx/if(5/4)+;<2ﬂr(n+1) D(=5) \/§n> (4.34)

We now use the approximated form of f(u) (see eq. ) to compute the area integral under

the near horizon approximation, which is as follows

\/_Fn+ /
rt \/_Fn—{—l ) ug w/l—u4

The above expression contains infinite numbers integrals out of which integrals corresponding

(4.35)

ton = 0,1 are divergent. We compute the divergent integrals separately, which reads

PR (1_ ﬁF(3/4))

- m \5 T(1/4)
At = \/grh l/ % Z\/_Fm—l— / u “4m_1]
_ \/;h (—10g5+ 1054) (4.36)

where we have used the expansion

1/\/1—u4—z\/_F+ ) u'™. (4.37)

(n+1)

Now computing A,>» terms and then combining with A,,—¢ and A,—; in eq.(4.35) we get
2L I'(3/4 r(z2 "
Th

- — —1logd — g4+
T (5 2ry, & TT(1/4) 87‘ Z 4F (n + 1 ()
This expression for area in near horizon limit is different from the usual cases in the matter

4

of UV cutoff dependent divergence. We observe that the the expression in eq.(4.38) contains
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logarithmic divergence term in addition to the usual 1/§ divergence term. The appearance of
the logarithmic divergence may be an artifact of the near horizon approximation [71]. Now

using the formula TI'(p + 1) = p T'(p) and neglecting the UV divergent part, we can recast

(2))

eq.(4.38) in the following manner

_ VEL (A & 2\ Tt Hresg)
o <_ I'(1/4) +%1 4+;(1+n—1> AT (n + 1)T (%)
V2L ( I 2ml(3/4)  n 2 logd)

Tt

Afimlte

V2r, r(1/4) 8ry,
I)F(nzl) r n
+Z (n - 1 n+ (") (Th) ) 439

where in the last step we have used the result for subsystem length in near horizon approx-

imation (see eq.(4.31))). For large values of n, the last term of the above equation goes as

n
~ # (:—;) . Using this fact we rewrite the expression for the finite part of area as

e = L )

) ()] oo

Once again using the definition of HEE and the approximation r; ~ r,(1 — €) we finally obtain

Afim'te
Sinie = A
ot 4Gy
Sh + L (c2 + c3e + €loge) (4.41)
= Sp+ ——=———(co+c3e+eloge )
2\/§G(4)Th
where
L
Sy = 4.42
h 4G(4)7‘}2L ( )

is the black hole entropy and

Y _M_<§_10g4)+i(2< 1 T+l ("+§)_i>+§(2)’

r'(1/4) 4 8 —~
1 log4
= - — : 4.43
G T 178 (4.43)

Note the similarity between the egs.(4.25)) and (4.41]). Therefore, the finite part of the HEE in IR

limit and near horizon limit has the same form except the UV dependent divergence structure.
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Further, this means that the finite part of the HEE in the near horizon approximation reveals

the same temperature dependence as in IR limit (see eq.(4.28))).

4.3 Generalized temperature

We have already seen in the previous section that in the IR limit (r; — 7,) the leading con-
tribution to the HEE comes from the black hole entropy S, (see eq.). The black hole
entropy is also termed as thermal entropy. However, due to the microscopic properties of the
underlying quantum system the HEE gets quantum corrections as we move away from the IR
limit. Thus we may ask for a quantity called the generalized temperature (7}) which reduces
to the black hole temperature 7}, in the IR limit. On the other hand the Lifshitz black hole

satisfies the first law of black hole thermodynamics [63]
dE =T}, dS), (4.44)

leading to
E = /Th dSp = TypSh/2 (4.45)

where the internal energy F is given by

L

EFE=—x—. 4.46
167TG(4)7’;1L ( )

The relation is important since it relates the near horizon quantities (S, 7)) to the near bound-
ary quantity (E).
Keeping the equation (4.45]) in mind we define the generalized temperature in the following

way

1 S
= — ZBEE ; SrEE = Sa — 5510)

1
T, 2FE 4G

where Sggg is the renormalized HEE of the Lifshitz black hole which is the difference of the

(A—AO) (4.47)

HEE of Lifshitz black hole (S4) and that of the pure Lifshitz spacetime Sg]). It is to be noted

that though S, and Sg)) includes UV divergence their difference Sggg is free from any UV
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divergence. For pure Lifshitz spacetime the minimal hypersurface area and subsystem length

are given by [3§]

o 2L 4nL <r(3/4))2. I /70(3/4) (4.48)

Tl L \T/)) 0T 2TE/A)

Using the above result along with eq.(4.20)) and eq.(4.46)), the generalized temperature reads

1 2 [4_7r (F(3/4)>2 2yal(3/4) | 1 g~ Lo+ )lG —3) (ﬁ)%]. (4.49)

I(1/4)

(U4 2r A0+ GG+ )

T, 1 |1 -

This clearly shows that the generalized temperature (7}) is a function of the subsystem length

[ and the turning point of the hypersurface r; (when ry, is fixed). But eq(s).(4.13)) and (4.31))

suggests that r; itself depends on [. So we can consider that T} is a function of [ alone. Therefore
the generalized temperature changes with the change in subsystem size. Let us now look at the
behavior of the generalized temperature in the extreme limits. The generalized temperature in

the infra-red limit (r; — ry,) takes the form

with

WATE/4) & T+ 5% +32)
o = (PR E

L (TG
» = o () (4.51)

It is evident from eq.(4.50) that in the large subsystem size limit (I/r, > 1) the generalized
temperature reduces to the black hole temperature 7}, (thermodynamic temperature). The
sub-leading terms in eq.(4.50) are due to quantum entanglement. In the ultra violet limit

(r¢/rn < 1), the generalized temperature takes the form
1 w2 (D(1/4))° 2
— = — | —= 1+ —= 4.52
5= () (0 2

9 1 /T(/4)\*
77T 20 1927 (F(3/4)) ' (4.53)

Few observations are in order at this point. In the UV limit (I/r, — 0 with rj, kept fixed),

where

the generalized temperature temperature depends on the subsystem size as ~ ¢ + l% This
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is in contrast with the observation made in [43] where the constant term is absent, athough
the 1/1? dependence is present. This may be due to the fact that the non-relativistic gravity
dual considered in [43] is a hyperscaling violating black brane geometry which is different from
our Lifshitz black hole. Moreover, we observe that the inverse of the generalized temperature
(1/T,) does not reduces to zero when [/r, = 0 (r, # 0). This condraticts the results obtained
in ([6I), [62]), where the inverse of the generalized temperature reduces to zero when [/r, = 0
(rn, # 0). However the studies made in ([61], [62]) considers relativistic gravity dual. Therefore
our result 7%, # 0 when [/r, = 0 is completely a non-relativistic phenomena. This is an

important observation.

Another important term in the studies of HEE is the “entanglement temperature” (7,;) which

is the [ — 0 limit of the generalized temperature (7). Thus the expression for 7, as obtained
from eq.(4.52)) is given by
6 (I(3/4)\>
Tent Y ( ( / )) . (454)

mri \I'(1/4)

The entanglement temperature arises due to the presence of quantum entanglement and has

nothing to do with the macroscopic properties of the system. Our analysis confirms that the

generalized temperature (7;) becomes the black hole temperature (7},) for large subsystem size

as shown in figure (a). Figure (b) shows the variation of dﬁgl with {. This has been

dlog

done to study the flow of 5, = 1/T, which helps us to characterize the thermal and quantum
nature of the system. Figure . (b) has a maximum near a critical value i—h = 4.91. Below this
value of the subsystem size, the system behave as a quantum system whereas above this value,

the system approaches a thermal system.

4.4 Summary

We have obtained the expression for holographic entanglement entropy for a (34 1)-dimensional
Lifshitz black hole with z = 2 which is a non-relativistic system. In the infrared limit, we
find that the finite part of entanglement entropy becomes the thermal entropy even in the

case of non-relativistic backgrounds. However, in the ultra-violet limit, there is a difference
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Figure 4.1: (a) Variation of ’f—g = Tglrﬁ with subsystem length, (b) Variation of dﬁf 2; with subsystem length

(the ﬁf 47 axis has been scaled five times for visualization purpose).

in results between the relativistic and non-relativistic background. For (3 + 1)-dimensional

SAdS black hole, SV~ 1 (constant + O(13)), and for the Lifshitz black hole, S'-")

finite ] finite
7 (constant + O(1?)). Therefore, the results differ in the subleading term. Further, we have
computed the holographic entanglement entropy in the near horizon approximation. In this
approximation, we see the presence of a logarithmic divergence involving the ultra-violet cutoff
in addition to the usual 1/ divergence. Then the notion of generalized temperature in terms

of the renormalized entanglement entropy has been introduced. The generalized temperature

(Tig = SEEE) has been defined on the line of the first law of black hole thermodynamics (E =
T1S,/2). It has been observed that the generalized temperature reduces to the black hole
temperature (thermal temperature) for large subsystem size. We have also observed that the
generalized temperature does not vanish when subsystem size becomes zero (I/r, = 0 but

rn # 0). This is an important result as it does not have any counterpart in the relativistic

background.
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Chapter 5

Holograhic entanglement entropy for a
charged black hole in arbitrary

dimension

This chapter is based on the work [39]. We have already seen in the introduction that the
formula for holographic entanglement entropy (HEE) and the Bekenstein-Hawking formula for
black hole entropy are very much similar. This led many to consider the entanglement entropy
as the source of black hole entropy [16]-[22]. For this reason, the study of HEE for black holes
is an interesting area of research. We know that anti-de Sitter (AdS) black holes are dual to a
boundary conformal field theory (C'FT) at finite temperature. Computation of HEE for such
AdS black holes along with the behavior HEE in high and low temperature have been carried
out in ([69],[72)-[74]). In [43], it was found that the difference in HEE of a thermally excited AdS
spacetime and pure AdS spacetime (ASg) is proportional to the change in energy (AFE). This
provides a relationship between the quantum information and the internal energy of the system.
Moreover, a notion of entanglement temperature (7,,;) was introduced which is different from
the thermal temperature. A similar relation between the change in entanglement entropy (ASg)
and the change in energy (AFE) was also obtained in [44], which was designated as the first law

of entanglement thermodynamics. Entanglement thermodynamics has been explicitly studied
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in different backgrounds including non-conformal and non-relativistic backgrounds ([42],[75]).

In [70], the HEE has been computed for a strip like subsystem lying in the boundary field
theory which is dual to a charged AdS black hole in (3 4+ 1)- dimensions. The dependence
of HEE on charge and temperature has been studied in an elaborative manner. Moreover, a
relation like the first law of entanglement thermodynamics was obtained in the low temperature
limit.

In this chapter, we extend the computation of HEE for a strip like subsystem in a charged
black hole background to d-dimensions. We have explicitly computed the HEE in different
temperature and charge limits of the black hole. Finally, a first law of thermodynamics like

relation has been obtained in the small temperature limit.

5.1 Charged anti-de Sitter black hole

Depending upon the spin there exists two types of black holes, the Kerr-Newman black hole
and the Reissner-Nordstrom black hole. The Kerr-Newman black hole has angular momentum
and hence posses spin, whereas, the Reissner-Nordstrom (RN) black hole does not posses spin.

We shall confine our activities of computing the HEE for RN black holes only.

We start by writing down the RN black hole metric with mass M and charge @) in AdS

spacetime with planar horizon in d- dimensions. This reads [76]

r? R%dr? 2
ds? — —ﬁf(r)dtz + 70 + = (dx% + d:z:% + + de_Q)
M Q?
fr) = 1- yd—1 + r2(d-2) (5.1)

where R is the AdS length scale. For simplicity we chose R = 1 for the rest of this chapter.
The bulk theory is characterized by two parameters, namely, the mass M and the charge Q.
However these two parameters are not independent, but related by the black hole horizon radius

7. The black hole horizon 7, is given by f(r)|,—,, = 0. Using this we get

2
_d-1

h
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Using the above relation we can rewrite the lapse function f(r) in terms of the black hole

horizon r, and the mass M in the following way

fr)=1- (%)d_l +Q? (Mim _ 1d3) | (5.3)

d—1
r LS

Therefore the bulk theory is now characterized by the charge and the black hole horizon.

Further, the Hawking temperature for this black hole is given by

r? f'(r) (d—1)ry, d—3\ Q7
= w dr [1 - (d - 1) Tz(dz)] - (5-4)

T
" A
The expression for black hole temperature gives rise to an important relation between the black

hole horizon radius 7, and the charge @) of the black hole

Ly (d-3
202 5 (d_ 1) Q. (5.5)

In the eq.(5.5)), the equality sign holds for the extremal black hole (black hole with zero tem-
perature) and the inequality holds for the non-extremal black hole (black hole with non zero

temperature).

5.2 Computation of holographic entanglement entropy

We shall now setup the basic integrals to compute the HEE of the AdS-RN black hole. We

consider a linear subsystem of width [ at the boundary, given by

S T S ; 0 S X2,X3, " ,Td—2 S L (56>

N | =~

In order to get the entanglement entropy we have to compute the minimal area of the co-
dimension two hypersurface in the bulk whose boundary coincides with the two ends of the
linear subsystem situated at z; = —é and r; = % [24, 14]. This minimal area divided by 4G q)

is the entanglement entropy, where G g4 is the Newton’s gravitational constant in d dimensions.

Using the metric given in eq.(5.1]) one can obtain the expression for area of the hypersurface,
given by

1

_ rd-3 [? 2(d—2) ﬁ 2(d—4)

A — L d(ljl r -+ f(r)r . (57>
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Note that we have parametrized the hypersurface as r = r(z;) and 7’ = j—;. After using the

standard procedure of minimization we get

/ \/f “*dr 2d 4}

along with the profile of the minimal hypersurface characterized by

NG { (:_;)(H) - 1}. (59

In eq(s).(5.8) and (5.9), a term r; has been introduced, which denotes the turning point of the

—2Ld 3

(5.8)

extremal surface in the bulk, satisfying r’|,—,, = 0. The length of the subsystem (/) can be
obtained by integrating eq.(|5.9)
2

e

It may be observed from eq.(5.8) that the area integral is divergent as we reach the boundary

(5.10)

(r — 00). Therefore we have to regularize the integral by introducing an infrared (IR) cutoff at
r = 1y, where 7, assumes very large value. This IR cutoff in the bulk is holographically related
to the ultraviolet (UV) cutoff a of the boundary field theory by the relation 7, = 1/a. The UV
cutoff physically denotes lattice spacing in the boundary field theory. Due to the introduction
of the cutoff, the expression for entanglement entropy would now contain a finite part and a
a cutoff dependent divergent part. We are interested in the finite part of the entanglement
entropy as it can be used to study the high and low temperature (or charge) behavior of the

entanglement entropy for the boundary field theory which is dual to the AdS-RN black hole.

In order to compute the integrals (5.8)) and (5.10)), we make a change of variable from r to

u such that v = *t. Therefore the lapse function now reads

d—1 9 d—1 2(d—2)
Th de Q u u
flu)y=1- (n) utt — i (E) + Q? (E) : (5.11)
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Further the length of the subsystem and the area of the hypersurface now read

_ _ o —1/2
2 1 ud_2 - d—1 Q u d—1 u 2(d—2)
[ R R . a1 (U 2 (Y 5.12
Tt/() u\/]_ _u2(d—2) < <7’t> Y 7‘;7%73 (Tt) +Q Tt ( )

_ _ _o)\ —1/2
1 —(d—2) N Q? (u d—1 4\ 202 1
— 9Ly )d3 du—" "~ [ ( -1 & (U 2 (U '
A (Lr) . u‘ /1 — 42(d—2) T “ 7”273 T +a Tt
(5.13)

From eq., it is evident that the subsystem length [ would depend on the turning point r;.
So, we may invert the relation to express r; in terms of [. As the area integral (see eq.)
also depends on 7, we conclude that the area would depend upon subsystem length [, black
charge () and the horizon radius r,. Moreover the state space for the boundary field theory
dual to the AdS-RN black hole depends on two parameters, namely, the charge () and the black
hole temperature T (depends on 7, by eq.). Therefore we have to consider the AdS-RN
black hole in a particular ensemble. We chose it to be canonical ensemble with fixed black hole
charge (). Hence the expression for entanglement entropy would be a function of temperature
(Ty) only which would help us to analyze its high and low temperature behavior. With this
basic expressions in hand, in the following sections we compute the HEE for both the extremal

and non-extremal black hole.

5.2.1 Extremal black hole

Let us begin our analysis for HEE with the extremal black hole. Extremal black hole means

that the black hole temperature is zero (T = 0). This condition imposes a relation between

the charge of the black hole and the horizon radius through the eq.(5.4)), which is as follows

d—1Y\ o2
O = (ﬂ) r2@=2) (5.14)
The above equation implies that the charge may be small or large according to the black hole
horizon radius. Therefore in the computation of HEE for an extremal black hole we may have

two different limits - small and large charge limit. We shall compute the HEE in both the
small and large charge limit. Now, using the eq.(5.14]), we may recast the lapse function (see
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eq.(5.11)) as

_ N RN (G
f@):1—2%259(f}> +Q—E<JL> , (5.15)

which in turn modify integrals (5.12),(5.13]) as
_ o\ —1/2
9 [l d—2 2d — 9 -1 g1 2(d—2)
P S S Gt O U N St ST (5.16)
Tt Jo 1— u2(d—2) d—3 Tt d—3 Tt

_ o\ —1/2
! —(d=2) 2(d—2) (rpu g1 (22
— L3 | dqu—t 1— Tt Tt ,
A (Lr:) 01‘1_uw4>< d—3 <n a3\
(5.17)

One should note that the above integrals do not have any known analytic solution. Therefore
we have to use some approximation technique to evaluate those integrals. We shall use those

technique in the following discussions.

Small charge limit: We are going to compute the HEE for an extremal AdS-RN black
hole in small charge limit. This in turn means that we are dealing with a black hole of
small horizon radius (see eq.. To be more specific, in the small charge limit, we con-
sider [ (ﬁ) M@ Qﬁ < rp < 1. As the horizon radius r, is very small, the black hole is well
inside the bulk region and the turning point r; of the hypersurface is far away from it. So in
the Taylor series expansion of the lapse function we may neglect the contributions coming from

the higher order terms of (%) Thus

1 N d—2 (ryu -1
) ~1+ 13 (T_t) ) (5.18)

Using the above expansion we may evaluate the integral in eq.(5.16) as
|~ 2 (1wl 2duy m d—2 (ryu =1
- Tt 0 ]_ — UZ(d_2) d — 3 T

2 Uud2dy +d—2 Th -1 /1 u?d3du,

oo V1= d—3 \ny o V1 — 202

2 [ Tsizy (%

AN (Q(d 2))+ VT (T’h) (d—Z)) ‘ (5.19)

re |7 Tlggy)  2(d=3) \re N%%;
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This is the expression for subsystem length (1) in terms of the turning point (7). In order to get
the expression for the turning point (r;) in terms of the subsystem length (I) we have to invert
the eq.(5.19). However the form of the eq.(5.19) suggests that we have to use perturbative

approximation in terms of (Ir,) to get

r _2 WF(Z(il:l?)) ﬁ h’_h - F(2(01172)) o F(%)
VLS P aa-) < 2 ) <\/%I(25;g)) raen | - 520

2(d—2)

Now using same approximated form of lapse function ([5.18)), the area of the hypersurface ({5.17))

reads

(5.21)

1 —(d—2) _ d—1 p1
A:Q@nﬁ3[ et (. 2(@> v do ].
7

0 1 — 2(d-2) +d_3 0 1 — 2(d-2)

It is observed that the first integral in the above equation is the term for pure AdS spacetime

which is divergent as u — 0. In order to regularize the integral we replace the lower limit by

—2(L’I’b)d_3

the UV cut-off 7t and add a counter term (=%

). This left us with the finite result

Afim'te — Q(LTt)d_?) -
Tt

by =2y N d—2 (r\"" Y wdu 2(Lry)4=3
e /1 — 2(d=2) d—3 o V1— u2(d—2) d—3
L™ 7

r d—3 | ﬁ I‘(2(3d—_dQ)) ﬁ T_h dflﬁ
= 2(Lry) ( ) |- (5.22)

. -
(d — 2) F(z(dl—z)) (d - 3) Tt F<2(dd_2)

Thus we get A" in terms of the turning point r; of the hypersurface. Using eq.(5.20)) we
recast eq.([5.22)) in terms of the subsystem length [ as

d—3 d—2 d—1 =2 d—1
Afinite — <£> - (2\/E) < F(d—?>)> + dd —2 (lrh)

I d—3 \T(3—

2(d—2)

) s o

where we have kept terms upto O((Ir;)?"!). The finite holographic entanglement entropy reads

( Afinite
4G (a)

) from the above equation
Sﬁim‘te — ﬁds + ijt (524)
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where

= (2ﬁ>d_2 L - F(Q(Cfi__lz)) -
Sﬁds_—m (7) (_ 525

ext __
S =

Ld_3l27’g_1 d—2 (F(g( 1_2))
1

16y/7G(a) d(d = 3) \ I'(5(7%)

> M) . (5.26)

a
Iom)

Here S49° is the entanglement entropy for pure AdS spacetime [74]. S4%° is the leading
contribution to the HEE and S§ is the extra contribution to the HEE in small charge limit of
the extremal black hole. Again we have a relation between the mass of the extremal black hole

with its horizon radius

et 5.27
Using eq.(5.27)) in eq.(5.26)), we obtain
SFt = kLM (5.28)

where

I 1 (F<2(1—12))) F(ﬁ) ' (5.29)

N 32d G(d)\/7_T F(Q(ij_g)) F(z(dd—2))

It is reassuring to note that our result as expressed in eq.(5.24) reduces to the result presented
in [70] in the d = 4 limit.

Large charge limit: In the large charge (Q) limit the horizon (ry) of the black hole is also
large by eq.. This in turn implies 7,0 > 1. As the horizon radius is large we may consider
that the horizon lies in close vicinity of the turning point (r;) of the hypersurface. Therefore
the quantity <:—:> ~ 1. We know that the limit of the variable u in the area integral varies
from (Z:—Z) to 1, where r;, is the IR cutoff. Due to the presence of large charge we have large
rp and in turn large r, as the hypersurface cannot penetrate the black hole horizon [69]. As

both r; and r, are large, we may say (:—Z) ~ 1. This means that the variable u = ** remain

close to ug = :—Z during the integral. Therefore we may expand the lapse function f(u) around
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u = ug as (u — up) is small enough. This expansion is called the the near horizon expansion.
Taylor expanding the lapse function in eq.(5.15) around ug and neglecting higher order terms

in (u—wup) we get

Fl) = Flg) + 7)) + LU ) 4 O — )

= (d—1)(d-2) <1 - E)Q + O((u — ug)?)

Uog

~ (d—1)(d-2) (1 - @)2 . (5.30)

Tt
This approximated form of f(u) may now used to get the expression for the subsystem length
and the area of the hypersurface. We start with the length of the subsystem which follows from
eq. as
2 Lw®2du 1
re/(d—1)(d—2) Jo V1I—u2@2 (1 —2u)

To get an analytic solution of the integral we make a binomial expansion of 1/(1 — %u) and

(5.31)

we obtain

Ir 1 > (’rh)" Loyntd=2qy,

2 1/(d — V1 = 42d2)

oo I‘ n—l—d ; ” n
- n 2d—3 : :
d—2)32\/d _1 +d =) (Tt

However, for large value of n, the above expression is divergent as <%> ~ 1. This can be

checked easily. Using the Stirling formula and the properties of gamma function one can check

that the above summation goes as 2\%_2) <7;,—*:> for large value of n. Therefore in (%) ~ 1

limit the series is divergent by comparison test. Hence we isolate the divergent terms to get a

finite expression for [ as
" B ] (= . ) ()
t = n - o
(d— 2 3/2 (d — — —2)T( J(rde)?’) (d—2)n T4

F is ( ) (5.33)
(%)n (5.34)

where



is polylogarithmic function. Now we consider r, = 7,(1 4 €), where € is a very small positive

number, as the hypersurface cannot penetrate the horizon of the black hole [69]. Using this

approximation in eq.(5.33)), we get

I = Ky + dL(dﬂ )%%—0(6) (5.35)

b = T 1 F(g&ilg)) N om 1 C(l)
L =
Va-1@—2pPr(2s)  Vd-1d-2)"2

m - L(555) 9
+\/(d — 1)(d — 2) Z <(d _ 2)F<n+2d—3) - (d — 2)n> . (536)

2(d—2)

where

From eq.(5.35) we may also write
2?2 1
~ . 5.37
A=A =22 (rp — k)2 (5:37)

One may also write an expression for € in terms of the black hole charge @ by using (5.14]) to

replace 7, in the above equation.

With the expression for subsystem length in hand we now proceed to evaluate the area integral
in eq.(5.17)). Using the approximated form of lapse function as in eq.(5.30) we may write the

area integral as
2(Lry)4 1 u~(42) 1

T Jd-Dd-2 \/1—u2<d—2>(1—’;—§u)'

Again we perform the binomial expansion to get an analytic solution of the integral as

_ 2(Lr;)d=3 > Th ot a2y,
A= Vd=1)(d-2) ; (n) 0 V1—u2d? (5:39)

Careful examination of the above equation suggests that the integrals corresponding to n <

(5.38)

(d—2) are divergent. To regularize the divergent terms corresponding ton = 0ton =d—3 we
introduce IR cut-off 7, in the integrals. Therefore the integral corresponding to n = 0 is given
by

2(Lry)4~ 1 1 2(Lry)*3

ey =~ Tt

— Qﬁ(LTt)d_g 3 (2((1712))
(d=3)\/(d=1)(d=2)T (2(d 2)) ' (5.40)

finite
Ay
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The integral corresponding to n = 1 is given by

Afinite _ 2(Lrt)d_3 (T’_h) 1 (d 9
! d—1)(d—-2) \/1—u2d 2)

2y, LA3rd4 ! - ' 3—d-+2k(d—2
T Jd-Dd-2) [/ Z\/_F kol /duu o )]'(5'41)

In evaluating the above integral we have first used the following expansion
+3)
BUI i (e

and then we have separated the first term (corresponding to k = 0) as it is divergent. There is

(5.42)

no contribution from the first integral since r, and r;, are both large (r; ~ r,). Hence the finite

value of the integral corresponding to n = 1 is given by

inite 2r, L3t 1 VT F<2(d12))
A = Vd=1)(d—2) [d—4+2(d—2) Ias)| (543)

In general the finite value of the integrals are

Afninite — Q(Lrt)d_g ) (r_h)m [ 1 \/7_T F(Zl(d—_;r))] (544)

d—m—3 2(d_2) T(2L)

(d—1)(d—2 2d-2)
form=1,2,...,(d —4). We shall now compute the area integral for n = d — 3 in a detail
2L d—3 1 1
Aus (Lrn)

\/ﬁ UW
_ o 2(Lmn)* N " 2=~
B (d—l)(d 2) [/ Z\FFkﬂ/d ]

B 2(Lry)% Cloo(t log 4

/A =D{d-2) l ! g(m) "o 2)}
2(Lry,)43 log 4
(d—1)(d—2)2(d—2)

where we have again used the expansion eq.(5.42)) and separated out the integral corresponding

Q

(5.45)

to k = 0. The remaining area integrals in eq.([5.39)) corresponding to n > (d — 2) are given by

a B 2(Lry)*3 Z (Th) bRy
n>(d—2) \/(d — 1)(d _ 2) - ) T 0 V1 — u2d-2)

(d—2
d—3 o) n—d+3 n
L EIEED )y

Vd=1)(d—-2) 7, 2(d - 2) T(5E)




Again we find that the above contribution diverges as r; approaches to r,. For large values of

n the factor inside the summation goes as ~ \/Lﬁ <:—’:> and hence in the limit » ~ 1 the sum

is divergent by comparison test. We use the identity I'(n + 1) = nI'(n) to rewrite eq.(.46|) as

e = iy 3 {as <n—2+3>};<(ﬁ)> () o

n=(d—2) 2(d—2)

Now for large value of n, the second term goes as isj;) (T_h> . Therefore, it is conver-
Tt
gent which can be checked by the comparison test. Using eq.(5.32) in the above equation we

introduce the subsystem length (1) in the expression for area as

pmite__(Lr)tE [ @-2@-10, = _ ) )()m

Ty

D A=) - 2) VT = (d— 2T (L
00 F(n—l—d—l) n
2(d—2) Th)
+ — . 5.48
= (n — d +3) (”J(r;fg)“?’) (rt (5.48)

In the above expression the leading contribution comes from the limit r, = 7, and in this limit
the second series in eq. is convergent. We may now use r; = r,(1+4€) to get the subleading
terms in eq.(5.48)) upto order O(€). However the second series in eq. is not convergent at
the subleading order. Hence we separate out the divergent terms of the series up to O(e) and

recast eq.([5.48) in the following way

e ) yE [VEZED, S ’”Z‘Zi i )’"
n>(d—2) (d—l)(d—?) ﬁ — (d— m+2d 3

RS ( 1 TG 2(d—2)><_> .\ \/2(7( )]

o \n- d+ 3T (2r2d=3) ny/n S~ ny/n

2(d—2)

(5.49)

We can now write the expression for total area of the extremal surface by assembling all the
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results together in eq.(5.39)) in the following manner

inite (Lrt)dig) d 2) ﬁ F( Q(dd_*lm )
A’ = Vv ( — D)lry —
\/(d— 1)(d - 2) [ (@=2) b d—3 F(g(dl_g))
Sy vi TGS va TGEDY (m)
+; <d_n_ ( )F<2(d 2) ) Q(d_2) F(’;Tfflg)?’)) (r_t)

+<<clzofi> (d- 3/2) r_h
WY ( M) m) (=)

S, \n—d 43150 ny/n T
r = A
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(i 2)-E )
where we have used the identity
\/ d 2 Th Th 3 1 7"h "
=2(d—2) |Lis |— 5.51
nzdzz (rt) ( )[ is [n] Zm\/_ (5.51)

Now we use the approximation 7, = (1 + €) and simplify to finally obtain

AFmite — L3172 4 (Ley )3 (K + Kav/e + Kse) + O(€%?) (5.52)
where
ol d—1
K, = 1 —Qﬁd 2 (2(d1_2)) log 4 _ NG
(d—1)(d—-2) d—3 F(Q(H)) (d—2) (d—=2)I'(3/2)
d—3 n+d—1
3 F( 2(d— 2)) 2(d — 2)
2m(d — 2 o — —
L [< (5)-Srr] 7 5 [rmrerin e
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d—1
2 d Tlsg il say) | [m(d—2) ( 3 1
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Thus the finite part of the HEE for extremal AdS-RN black hole in large charge regime is given
by
finite _ 7 d—37 Qext (Lrh)d_g 3/2
N
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d-2
Th

where Sext = T 45q -
BH 4G4,

5.2.2 Non-extremal black hole

In this section, our task is to compute the HEE for non-extremal AdS-RN black hole. Therefore
we have non-zero Hawking temperature (75 # 0) which provides the following inequality

ad-2) _ (=3 2
r2 ><d_1)Q (5.55)

which means that the horizon radius r;, is bounded from below for a given black hole charge Q.
Hence for small charge of the black hole the Hawking temperature may be low (for small horizon
radius) or high (for large horizon radius) (see eq.(5.4)). On the other hand for large charge
of the black hole the horizon radius can only be large, making a high Hawking temperature.
Therefore, in this section we have to consider three different limits, they are, small charge &
low temperature, small charge & high temperature and large charge with high temperature.

Let us start with small charge with low temperature limit.

Small Charge & low temperature limit : As charge and temperature both are small, we
are left with small black hole horizon radius (see eq.(s)(5.4)) and (5.55))). This means that the

turning point of the hypersurface is far away from the horizon and we may consider :—: < 1.

For simplicity we introduce a new quantity a = -2 to recast the lapse function (see eq.(5.11
Th

fluy=1- {1 +a? - (%)H} (%)d_l . (5.56)

The integrals for subsystem length (eq.(5.12))) and area (eq.(5.13])) contains the lapse factor as

in the following way

\/ﬁ. As ™ <1, we may Taylor expand \/ﬁ and neglect the terms which are in higher

order of () to have

a-1 2(d—2)
; _g e (%) +O((M) ). (5.57)
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Using this approximated form of the lapse function in eq.(5.12)) we compute the length of

subsystem in terms of the turning point (r;) as

o~
I
S

Ty

[ w2y N T+a? (7! Y w234y
0 A /1 — u2(d—2) 2 0 A /1 — u2(d—2)

- d-1 9 d—1 L
\/EF(%H)) N 1+« (m) 5 VT F(d2))] ) (5.58)

=] =

I

1 . d—
F<2(d—2)> 2 Tt d— 2)2 F(;(Id_;l)

Using the perturbative technique we get an expression for the turning point in terms of the
subsystem length

_ 2y | Diy) | 14 <lrh>d—1( o) ) L(zty)
)

o Tgy)  (d=2)7 20 \ VAl (3iy T(5t=)

(5.59)

Tt

Note that the perturbative technique is possible as the turning point is far away from the
horizon (7 < 1).

After substituting eq.(5.57) in eq.(5.13]) the extremal surface area reads

. (5.60)

Uy dt2qy N T+a2 (r\"" [t u du
0 7 /1 — ,2(d-2) 2 0 /1 — ,2(d-2)

Again the first integral is divergent as u — 0 and it is the term for pure AdS. In order to

A =2(Lr)*™? [

Tt

regularize the integral we introduce the UV cut-off Z:—Z for the lower limit of the integral and

add a counter term (%) This provides us the finite part of the expression in eq.(5.60)),
/1 u=2duy 1+ a? (rh)d_l v T(55) 2(Iry)4=3
- )

5 ] = 2@ * 2 Ty 2(d - 2) P(_g(ddq) d—3

Afim'te _ Q(Lrt)dsl

b

d—2 F(z(dlﬂ)) 2 Tt F(Q(d—2)

We use eq.(5.59)) to recast A/™ in terms of the subsystem length (I). This yields

fimite _ (5) _evm) < F%)))“H*“Z(zm)“
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F( 2&112) ) F( 2(d(i2) )



which can used to get the HEE of the subsystem as
Afinite

Sﬁinite: 4G§lv _ ﬁds_‘_szon—ext (563)

where

d-3 [/T(-d=1_}\ 472
gAdS  _ (2\/_) )(l) ( (Q(dl—z)_)) (5.64)

gronent _ (1+a2>Ld‘3 et (M) ) (5.65)
32 dy/mG ) (Q(d ) ) I (dd—Q))

However we have an expression eq.m ) which connects the mass of non-extremal black hole

with « as, M = ri= (1 4+ a?). This may be used to represent S’;”"~ " in the following way
Szcm—ext _ de—3l2Mnon—eajt (566)

where

2
b 1 F(Q(dlﬂ)) F(ﬁ) (5.67)
32d GV \T(ziry) ) Tlgtsy)

Furthermore, these expressions reproduces the results in [70] in d = 4 limit.

Small charge & high temperature limit : We shall now check the behavior of the en-
tanglement entropy in high temperature limit when the AdS-RN black hole has small charge.
The expression for Hawking temperature (eq.(5.4)) and the inequality (eq.(5.55)) for non-
extremality suggests that in small charge regime we may have high temperature only when the

horizon radius (r}) is large. This implies that Q(d 5 < 1. To make our computation simpler,

(d 3)

<<—>—(—> (o)) e

As §? < 1, we Taylor expand \/% around 0 = 0 and neglect the higher order terms to get

we introduce a new the quantity 62 = << 1 to recast the lapse function (see eq. -

as

d—3
1 1 (d—1)0% [rhu d‘”‘(%)
T T <M)d‘1 L s (%) ™ <%)d_1 . (5.69)

Tt
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This approximated form of lapse function can be used in eq.(5.12)) to get the subsystem length

as

_2 / u=2du 1 +(d—1)52 )\
= V1 — w2l 2)\/ (T >d—1 2(d—3) \\ry
d-3
Lo 2d=3 gy, (1 - (%L) )

m (1 ( )d—1)3/2
_ [ Tnu

(5.70)

It is to be noted that no known solutions are present in the literature for the above integrals.

But we are interested in an analytic solution and this led us to use the following identities

(n+1/2) 2I'(n +3/2)
y" = y" 5.71
Z\/_Fn—i—l ’ y% Z\/_Fn+1 (5:71)

in eq.(5.70)) to express the integrals in a convenient form. We rewrite eq.(5.70)) as

VI—y
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2(d—2) 2(d—-2)
Before we proceed, we need to look at the divergence structure of different terms of the above
expression. We use some gamma function properties and Stirling approximation for large value
T

n
—h) , whereas the second and third term goes

of n to conclude that the first term goes as ~ % <n

n
identically as ~ (:—’;) . This means that the divergences in the second and third term cancels

out each other and make our analysis simpler. Isolating the divergent terms we recast eq.(|5.72)
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in the following way
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Now in small charge limit, high temperature is possible only with large value value of horizon
radius (73,). So the horizon approaches the turning point of the hypersurface r, ~ r;, and we

may write 7, = (1 + €)ry, where € is a very small positive number. Hence eq.(5.73) can be

expressed as

brn = —\/m log((d — 1)¢) + Cy1 + 6°Cy 4 O(e) (5.74)
where
= T(n+1) TGS 2 1
. 5 hlr e - ae

o 2 RGeS i P+ 3T [2(d—2)
> N @=2)(d=1) " (d-3)(d—2) T(n + 1) p({-Dnt3i-ty (d—1)
n=0 2(d—2)
o d—1)n+3d—5
 (d-1) 5 D(n + 3) T(Uptaes) 2(d—2)] (5.75)
(d—3)(d—2) " I(n+1) F(%) (d—1)
The Hawking temperature in terms of our newly defined quantity § takes the form
d—1
P b (5.76)

Am
Using the above equation in the eq.(5.74) we replace rj, by the Hawking temperature. Then we

simplify to have

d—2
€~ oy V 200- s IrTul(1+6%) (5.77)
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2
where €gn = 77T

After using the approximated form of the lapse function (eq.(5.69))) in the integral (eq.(5.13))),

the surface area reads

A = Q(Lrt)d_3

PR o

2(d -3 R
( ) \ e 1 — 2,2(d-2) (1 _ <%>d 1)

= 2(Lr)*? 1du—u_d+2 Z ) L d=1)o D3 (1)

B ! o V1= w2d2) \/‘r n + 1 2(d—3) \ry

<[ - (;# ) (i Loy (@)‘“">

(5.78)

Again we have used the identities in eq.(5.71]) to evaluate the integrals analytically. As the
earlier cases here also the first integral represents the area integral for pure AdS spacetime

which is divergent near u — 0. To get rid of this divergence, we have to introduce the UV
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cut-off ;—Z and add a counter term to obtain a finite value of the area as

o u—+2 ) rp O\ @ Dn yld—n—d+2
Afmzte _ L’l“t d—3 Z Th
1/ 2(d—2) \/_Fn—l—l) ‘/1_u2(d2

_ 1 52 i 21’\ Tt (d—l)”+d—1 ld=1n+1 - d—3
\/_l“n—l—l ,/1_u2(d2 T

n+1+4+d(n—1)

3—d A N ek S 4 d—1)n
— (L)t ﬁ I( 2(d 2) +Z Fln +1/2)T ( 2(d—2) > (T_h)( )
=2 rm+r ()

T
2+n(d—1) n -
r(n+3/2)r< i )(Th)< )1

d—1) & 2)

_l’_ —
(d—2)(d—3) ; T(n+ 1)T (d+(nd(d2)1)>
d—1)(n+1

P_1) < TDm+3/2r (%) rh)"(d_1)+2(d_2)

—(d —2)(d—3) T+ 1) (n(d+1)+2d—3> T

Tt

2(d—2)
(5.79)
i3 | VT P(2(3d_—d2))
= (LTt) 1
d—2T(35)
. i 1 (1 . d—2 ) I(n+1/2) < n—;&)ﬁdQ_) 1)> (rh> (d=1)n
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2(d—1) & d—2
S S 14— =
A= 2@d—3) ; ( T = 1))
F(n +3/2)I (%) - (n+1)(d—1)
( +2+(n+3)(d 2) ) (T_t>
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1
Td=2)d- )Z Td-Drd-1
T(n +3/2)T <%) (Th)n(d—l)—l—Q(d—z)
X E——
it or (i)
(5.80)

Now we can use eq.(5.72)) to introduce the subsystem length in the expression for the surface
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area as

y D (5 s)
finite  _ L d—3 \/_ l
A (Lry) 3_ dF( )+ T
(d—1)n
(d—1)n+d— 1
iy n+ )05 (-) L (=1
S ([d=1n—(d=3)T(n+ )NS50 - d—3
d—1)n+2(d— (d— 1n+d 1
e SO
X
= Tn ((d— 1)n +2) (M5t
(d—1)n+2d—4
d—1)n+3d—5 r
P g) (ﬁ)
((d = 1)n+d — DI (55T

(5.81)

Now we have to look at the divergence structure of the above equation. Using the properties
of gamma function and the Stirling approximation we see that the first summation term goes
as ~ # (%)n, where as the other summation terms goes as ~ % (%)n for large n. We see
that in small charge and high temperature limit eq. receives its leading contribution when
r, = ry. However, in this limit those summation terms are not divergent. But when we will
substitute r, = r,(1 4 €) in eq.(5.81)) and expand binomially to get terms that are higher order
in €, we will see that the summation terms are not convergent at the order O(e). We consider
contribution to surface area only upto order O(e) as € is likely to be a tiny quantity. We now

substitute r; = (14 ¢€) and separate out the divergent terms to get an expression for the finite

part of the hypersurface area as

Afinite _ Ld_?’lr;f_Q _I_Ld—3,r,]cf—3(K1 +52K2)

+ L3073 (K e 4 6% (Kye + Kseloge)) (5.82)
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1
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=\ G D=0 g r () 0 - )
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Ky = — 20d-2) (5.83)

Therefore the finite part of the HEE in small charge and high temperature limit is given by

finite d—3 (Lrh)d_3 2
SA = L ZSBH+—d<K1+5 KQ)
Ld 3
+W(Kg€ + (5 (K4€ -+ K5€10g 6)) (584)
Td_2
where SBH = JF .
N

Large charge & high temperature limit: The non-extremality condition (see eq.)
put a lower bound on the horizon radius (rj,) which implies that the horizon radius is large for
large charge of the black hole. Further, eq. suggests that only high Hawking temperature
(Ty) is possible in large charge limit of the black hole. Therefore we will analyze the high
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temperature behavior of the HEE for a boundary field theory dual to the AdS-RN black hole.
By large horizon radius, we mean r,l > 1. Therefore the horizon approaches the turning point
of the hypersurface (:—Z ~ 1). Hence all the assumptions that we have made in the case of
extremal black hole with large charge are also applicable in this case. We may therefore use the
near horizon approximation to expand the lapse factor. Expanding the lapse function around

up = ;- and neglecting higher order terms in (u—up) we get

flu) = fluo) + f'(uo)(u — uo) + O((u — ug)?)
[(d 1) - %] (1 - 1) . (5.85)

U
h 0

Q

The prefactor in the above equation has already appeared once in the expression for the Hawking

temperature (see eq.(5.4))). To simplify we denote the prefactor by o, so that o = (d — 1) —

(d;;}”lgz. In the high temperature limit ¢ — (d — 1) where as in the low temperature limit
Th

we have 0 — 0. Using the approximated form of the lapse function (eq.(5.85))) we write the

integral for subsystem length as

2 Lud2qy 1

reV/o Jo \/1—u2d2)\/1 o

o \FZ VA n+> > () [ =
! ntd—1 n
=0V & T i ()

2(d—2)

(5.86)

where in the last line we have used the identity in eq.(5.71)). For large value of n, the above

Th
Tt

summation goes as V2 ( ) . This may be checked by using the gamma function properties

(d-2)n
and Stirling formula in large n limit. Therefore the series is divergent by comparison test in
the limit r, — r,. We isolate the divergent terms to get a finite value of the subsystem length

VT Iacy) | 18 rm+d) TG [ 2 1) (m)"
e (d—2)ﬁF(2%;‘:§))+ﬁ; (d=2T(n+1)T(5)  Vd-2n (n)
2 Th
— —(d—Q)JIOg (1_7’_t) . (5.87)
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Now we use the approximation r, = 7,(1 + €) to finally obtain

Valr = -/~ z ;1o () + Dy + O(c) (5.88)
1) L(5i) 2 1
) Z{ n+ (5253 Vd-2nf (5.89)

Further one can find from eq.(5.88]),

where

™

D= (d—2)T

(d—2)o l

€= €eue 2 ' (5.90)

d—2 D,

where €.,y = e 2z “'. We may now proceed to compute the extremal surface area using the

approximated form of lapse function (see eq.(5.85))). The extremal area integral reads

2(Lr,)=3 1 1 1

= d )
A \/3 0 uud—Z\/l — 2(d-2) \/ .
o (1 — r—’;u)

(5.91)

Using the identities presented in eq.(5.71]) the above integral can be simplified as

2L d—3 1 n d+2d
= ALr) Z In Y Y (5.92)
NG \/_F n ] o
The integrals corresponding to n < (d — 2) are divergent when u — 0. To regularize we put
an UV cutoff r,/ry, for the lower limit of the integrals corresponding to n =0 up to n =d — 3.

To obtain the finite part of area integrals we use the same procedure as used in section (j5.2.1)).

This gives us

A(j)‘inite _ _2\/%(L7"t)d_3r<2(il_12))
(d=3)\/o p(2 =)
Agmite _ 20Lr)T2 T T_h> [ Vi TS (0=1,2,....d — 4)
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g = 2 TER) () st
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For n > (d — 2), we get
A . 2(L7" d 3 Z n + ) rh " ! u”_d+2du
TLE(d*Q) - \/— d 2 \/_F<n + ) 0 1 — u2(d72)

Lrt o i (n+ 1)r(n:;i_+§) (ri)n

2(d—2
I'(n+1) F(%) T

_ Lrtd?’ i < 1 )F(n+§) L(555) (r_h) (5.94)
i—2 n-dt3 D(n+1) T(%258) \

In terms of the subsystem length (see eq.([5.86])) we can recast the above expression as

inite Lr =3 I'(m + F(Ld__l) r i
ALl = e [\/_ e = Z d— ZF( 1)r 2 s (_h)
Vo (m+ D) T(5F5) \
. Z 1 T+ TGES) (r_h)"
= on—d+3T(n+1) F(’;T;f;)s) T '

(5.95)

For large value of n, the third term in the above equation goes as 2:;_2) (;—’Z)n Hence in the
limit 7, — 7}, the third term is finite. But as soon as one substitute 7, = r,,(1 + €), one can see
that the third term in eq. is divergent at first order in €. Therefore we separate out the
divergent terms to get only the finite part as

o F( m+d—1 ) m
finite _ (Lrt)d s F(m + ) 2(d—2) Th
‘Anz(d72) - \/_lrt Z d—2 F m+2d—3

Tt

R + 1) M550
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Using the above identity we get the total finite surface area

d—
finite _ (Lrt)d ° Jalr _ 2y/m(d - 2) I (2(d712)>
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+n2::ﬁf(n+1><n+1f( 5) e (n+3)]>(r7>

I (242) AN
[@—2)yar(d—g) (84~ T(/2) (‘)

s (1255 (2))

> 1 T+ TEES) 20d—2)\ [ \"
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+

(5.98)

Now we use the approximation r, = r,(1 4 €) in eq.(5.98)) and keep the sub-leading terms upto

order e. After simplification we get the area of extremal surface to be

inite i3, a—o , (Lra)?™? / ' 2
Afinite — [d=31,d +#{K1+K2€+O(e)} (5.99)
where
) d d—3
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Therefore, in the large charge regime for non-extremal AdS-RN black hole the renormalized
HEE is given by

(LTh)d_S
4G N0
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d-2
Th

where Sext = T 45q -
BH 4G4,

5.3 Entanglement thermodynamics

In this section, we want to get a relation like the first law of entanglement thermodynamics.
In order to obtain such relation we have to take the difference in holographic entanglement
entropy between a ground state and an excited state. The holographic principle (AdS/CFT)
suggests that we may consider the extremal (T = 0) AdS-RN black hole with small charge as
the dual to the ground state of the boundary field theory. On the other hand, the non-extremal
(Ty # 0) AdS-RN black hole (low temperature limit) with small charge may be considered
as the excited state of the boundary field theory. The difference in entanglement entropy and

energy of these two states are given by

ASA _ Szon—ezt - Szxt — de—?)lQ(Mnon—ext . Me:r;t) 7
AEA = / dxldxg...dxd_gﬂiem#o — / dl’lda?g...dwd_gniempzo
A A

d—2 - non—ezx ex
= oo L3I M b Mty (5.102)
N

We obtain the first law of thermodynamics like relation by combining AS4 and AFE,4 as

ASa = 5.103
4 Tent ( )
with
_ 2
2(d — 2)2 F(Q(dd—lz)) 1

Tent = i - = : (5.104)

\/7_T F(z(d72)) F(ﬂ) o F<2(d—2))

F(ﬁ) F<2(d—2))

T.,: denotes the entanglement temperature and it is a dimension dependent quantity as can be

observed from the above expression.
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5.4 Summary

In this chapter, we have studied the holographic entanglement entropy in the context of
the AdS-RN black hole in arbitrary dimension for a strip like subsystem. We see that the
extremality condition for Hawking temperature put a lower bound on the horizon radius
(Tz(d_Q) > (%) Q?). As there are two parameters, namely, the charge (Q) and the Hawk-
ing temperature (Ty), which specify the state space of the boundary field theory dual to the
AdS-RN black hole, we have to consider a particular ensemble for the black hole. We choose
the ensemble to be canonical with a fixed black hole charge (@)). We find that for an extremal
black hole there can be small and large charge limits. There can be low and high temperature
limit for the small charge regime of the non-extremal black hole, whereas there can be only
large temperature limit for a non-extremal black hole in large charge regime. We have com-
puted the entanglement entropy for a linear subsystem in all the above-mentioned regimes. We
have considered the extremal AdS-RN black hole with small charge as the gravitational dual
to the zero-temperature ground state of the boundary field theory. The non-extremal black
hole in low temperature and low charge limit has been considered as the gravity dual of the
excited state of the boundary field theory. In this context, we have obtained a first law of
entanglement thermodynamics. The expression for entanglement temperature suggests that its

dimension dependent.
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Chapter 6

Quantum information theoretic

quantities for a boosted black brane

In this chapter (based on the work [40]), we have computed the holographic subregion com-
plexity (HSC) for a thin strip like region lying on the boundary field theory whose gravity dual
is the (d 4 1)-dimensional boosted black brane. The thin strip approximation assures that the
bulk extension of the strip penetrates only the ultra-violet region of the bulk geometry. There-
fore, the boosted black brane spacetime may be considered as the small perturbation around
the pure AdS spacetime. With this assumption, we have computed the HSC up to first and

second order in perturbation parameter.

The boosted black brane setup is useful in the holographic studies (gauge-gravity duality).
In particular, they have been used to study the AdS/CFT correspondence [77, [7§]. In the
classical p-brane configuration with a pp-wave propagating along a direction in the world-
volume, one has to distinguish two cases, depending upon whether or not the configuration
is Bogomol'nyi-Prasad-Sommerfield (BPS) saturated. The effect of inclusion of the pp-wave
in non-BPS case is locally equivalent to performing a Lorentz boost transformation along the
direction of propagation of the wave. This justifies the nomenclature of a p-branes with pp-
wave propagating along a direction in the world volume as the boosted p-branes. Furthermore,

the equivalence is valid locally if the direction of propagation of pp-wave is wrapped on a
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circle, on the other hand, the equivalence is valid globally if the direction of propagation is
uncompactified. Moreover, the boosted black brane is holographically related to the uniformly
boosted strongly coupled thermal plasma [79]. This helps to gain insight into the properties
of quark-gluon plasma using the AdS/CFT correspondence. This justifies our choice of the

background geometry.

It is well known that the first law of entanglement thermodynamics undergoes a modification
due to the presence of gauge charge [42, 80]. In [80, R1], the modification has been obtained
while working with the boosted black brane spacetime. They have computed the holographic
entanglement entropy (HEE) for both, entangling strip parallel to the direction of the boost
and the strip perpendicular to the direction of the boost. It was observed that the HEE in
the perpendicular case is greater than the parallel case. The reason for this asymmetry is the
difference in entanglement pressure in those two directions. In our analysis, we have found a
similar kind of asymmetry in HSC for parallel and perpendicular cases. We have related the
asymmetry in HSC with the asymmetry in HEE. This indicates the origin of asymmetry in
HSC towards the difference in entanglement pressure in parallel and perpendicular directions.

Further, this also indicates an interdependence between the HSC and the HEE.

Another reason for looking at the HSC, particularly the second-order change in perturbation
parameter, is the proposal of computing the holographic Fisher information metric from the
HSC [82]. In the quantum information theory, there exist two important notions of distance
- Fisher information metric and the fidelity susceptibility. Further, the quantum information
literature says they are the same for two infinitesimally close pure states [83] and other related

cases [84]-[86]. In general cases, they are related [87].

In this chapter, we have computed the Fisher information metric from the relative entropy
following the proposal in [88] for both the boosted and pure black brane. Then we have followed
the proposal in [82] to compute the Fisher information metric from the second-order change
in HSC. On the other hand, the holographic computation of the fidelity susceptibility involves
the computation of the volume of the maximal time slice in AdS spacetime [89]. It was also

generalized to include mixed states. We have used this prescription to compute the fidelity
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susceptibility for the boosted black brane and pure black brane.

6.1 Holographic subregion complexity for AdS spacetime

We begin with a review of the computation of HSC for a linear entangling region lying in a
conformal field theory whose gravity dual is the AdS spacetime [90]. Considering the AdS
radius R = 1, the the AdS metric in (d 4 1)- dimensions is given by

o —dt? +day’ 4 F dugy® + d2P
- > ,

ds (6.1)

The specification of the linear entangling surface is given by: (—% < r < é), 0<a <L,
To compute the HSC, we have to figure out the volume under the RT-extremal surface whose
boundaries coincides with the two ends of the strip. To do this we assume 27 = z1(z). Then

the area of the RT-surface is given by

0)
= dz 9
A = 2‘/(01_2)/0 = 1+ 2)(2)7, (6.2)
where, Vig_2) = LoL3--- Lq—1 and zio) is the turning point of the extremal surface in the bulk.

Minimization of the area functional provides a profile of the extremal surface, given by

2 (2) = ! | (6.3)

\/(Z*_@>2(d—1) 1

Now the identification, x1(0) = [/2, leads us to the subsystem length

1_/2
2 o

KO

dz
ﬁ) 2(d—1) B
1

)
1
_ L0 [ A
0 V1 — t2(d-1)
= 2O, (6.4)

where t = —%5;. We are now in a position to compute the volume under the RT-extremal surface

in the bulk. The expression for volume is given by,

dz o)
- /0 dxy(z) (6.5)

o)
Vioy = 2Via-s) [
§
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where we have introduced the UV cutoff § to regularize the integral. Now using Eq.(6.3)), we
can recast Eq.(6.5)) in the following way

2O g <o> du
Vioy = 2Via
(0) (d 2)/5 Zd/ \/1 = D)

Z*(o>

o Ve L gd-275" [ T =) V(d*Q) (6.6)

 (d—1) 6% d—1)2 (-2 - ‘
(d-1) @=12 A1 (5k)

In the second line of the above equation, we have used Eq.(6.4)) to express V() in terms of the

strip length [.

Therefore, the HSC for a strip like entangling region in AdSy. 1 spacetime is given by

Vo
Crny —
© 87G (a+1)
d—2, 4= d -
_ Via-2) L 27 I (55) Via-2) (6.7)
87TG(d+1)(d — 1) od-1 8’/TG(d+1)(d — 1)2 T (2(d1—1)) [d-2 ' ’

Note that similar to the HEE [14], the first term in HSC is divergent (volume law), where as
the other term is finite. With this result in hand we may now proceed for the HSC in boosted
black brane background.

6.2 Holographic subregion complexity for boosted black

brane

We assume that the boost is along y - direction and the AdS radius is set to one (R = 1). With

this assumption, the boosted black brane metric in (d + 1)- dimensional spacetime takes the

form
1 fdt? dz?
ds* = = (—7 + K(dy —w)® +das + -+ +das_, + 7) (6.8)
with
20 24 1

f2)=1-S; K(z) =1+ ;7= (6.9)

20 %0 Vi-p52'
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where, 0 < g < 1 is the boost parameter and z; is the horizon of the black brane. The
Kaluza-Klein one form w is given by

w= /11~ %)dt. (6.10)

Note that the metric in Eq. has an anisotropy due to the presence of boost along the y -
direction. This motivates us to analyze the effect of anisotropy in HSC due to the presence of
boost parameter. For this reason we compute the HSC with two different configurations: entan-
gling strip parallel to the direction of boost (y - direction), and entangling strip perpendicular

to the direction of boost (z - direction).

6.2.1 Strip parallel to the direction of boost

We consider a strip of length [ (same as pure AdS case) along y - direction. The strip is specified
as, —1/2 <y <1/2 and 0 < 2 < L;, with L; > [. Further, we take the length [ to be small
enough so that the hypersurface penetrates only the UV region of the bulk geometry. With the

parametrization of the hypersurface y = y(z), the area of the bulk extension is given by

z* d
Ay = 2Vi4 2/ v (6.11)

where, Vig_9) = LiLaL3--- L4_s, ¢ is the UV cutoff, and z* is the turning point of the extremal
surface inside the bulk. Moreover, we choose V(4_2) to have the same value as it posses in the

pure AdS case (see Eq.(6.7)).

Now to find the extremal surface, we use the standard process to minimize the area integral in
Eq.. This provides a profile of the extremal surface, given by
dy _ (a1 1
A VIERR), - (e

K, 2l

(6.12)

where, K, = K(z)|__ . The identification y(0) = [/2 leads to an expression connecting the
subsystem length (/) with the turning point (z ”) given by

(6.13)

[ = 2\t
—:/ dz | — .
[ ()
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As the turning point lies in UV region (Zﬂ < zp), we may consider

20

[ I ¢
(Y <1, B (Z—> <1, (6.14)

to evaluate the integral (Eq.(6.13])) by expanding it around the pure AdS background. Note
that this is true for finite boost only. With this approximation, eq.(6.13)) can be expanded as

l ! 1 1 1 1 41—
= = 2 a1+ opht? — gt 4+ ¢ + -
1
= Z,U (bo + é(pdbl — qdbl + qdll)) + e (615)
d
where, t = H’ R=1-t"2 p= Z*, q¢ = 3%~? ( !) and the dots indicates higher order terms

in (= ) The values of by, by, and I; are provided in the Appendix.

As we are keeping the strip length [ same for the pure AdS spacetime and the boosted black
brane spacetime, the turning points of the extremal surfaces will be different. In order to express

the new turning point 2! in terms of the turning point 2,9 of pure AdS, we use Eqgs.(6.15) and

(6.4) to get

B 1/2

' bo + 5 (pb1 — ¢%by + ¢?1))
2,0

o 6.16
1+ 12 — g% + g'Lh) (6.16)

where, §% = 5272(%;—?)‘1 and p = Z*i)o). Note that we have kept terms only up to (z;i)o) )4 under

the thin strip approximation.

We may now proceed to find the volume under the RT- extremal surface, given by

B *dz |[K(z) [* (A
Vi = 2Vla-2) s d f(z)/z dZ(—H)

\/7\/K — (4)2d-2
2Via—2)

Y ——

where w = %, K(w) = 1+ (wq)?, andf(w) = 1 — (tp)®. For finite boost, we can use the

(6.17)

approximation as given in Eq.(6.14)) to expand the volume integral in Eq.(6.17) around the
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pure AdS spacetime volume. Therefore, we may expand the functions (K, f) and keep terms

up to linear order to recast Eq.(6.17]) as

Wia_ay [1dt ¢4 ! 1
v = =2 / - (1 + 50"+ qd)> / dw w™!
2 = t F) K (w)y/ K — y2d—2

Zx

Wy [Fdt (1 1
_ 2l / 2 / dw w1
2| ﬁ ¢ fw)K(w) —ngw) — w2d—2

*

5 FEo)R )/ 5 — w2
(6.18)

After evaluating above integrals, we use Eq.(6.6) and Eq.(6.16) to express Vj in terms of the
pure AdS volume V), as

Vidg-2)p" (d— 2)7h,
Vi = Vio -

+(2-d

(d— 1)z \2(d — 1)b5 ( )CO>
V(d*Z)‘jd < (d—2)m (2_[)1 _

(d—1)2,0%2 \2(d —1)%b " b

1)+ ¢ — cod) : (6.19)

Note that we have kept terms up to first order in p¢ and g¢. Moreover, the change in volume

due to the change in background geometry in terms of the strip length is given by

AVp = V)=V

N _4b0;/((;_j)l12)zod Ké?d_—?;bzg - CDCO)
14242 <%(2b—zl Dt cod)] | (6.20)

Therefore, the change in HSC for an entangling region parallel to the direction of boost is given

by

Ach) = BV
I 871G (ay1)

B Vig—2)l?
327TG(d+1)b02(d — 1)Zod

X [(2(?[_—21);212 + (2 — d)c0> + 3242 (%(i—? —1) 4y — codﬂ .
(6.21)
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This result matches with that of pure AdS black brane in § = 0 limit [90].

For a boosted black brane, the change in HEE for the two cases up to first order in perturbation

parameter, namely, for a strip parallel and perpendicular to the direction of boost are given by

1811,
12b,(d + 1 1 2
AS| = Via—2)17b1( +d ) 322
by (d+1) (d—1
As, = Va2 2,2 6.22
- 32G (a11) b3 24 (d+ 1 o ( )

These expressions can be used to recast Eq.(6.21)) in the following form

7(d — 2) b5
o A5 s .

AC =
This indicates that up to first order in perturbation, the change in HSC (for a strip parallel to
the direction of boost) depends upon both, the change in HEE along parallel, as well as, the

perpendicular direction of boost with respect to the strip. This is an interesting feature.

6.2.2 Strip perpendicular to the direction of boost

In this subsection, we shall consider the case where the strip is perpendicular to the direction
of boost. We shall follow the same procedure of the previous subsection to compute the HSC.
In this case, the strip is considered to be along z! - direction with —[/2 < z! < /2. We
parametrize the hypersurface in bulk as x! = x!(z). The area of the hypersurface in the bulk

is given by

AL = Wi /5 h %\/K(z)\/ % +(0.al)? (6.24)

where 6 is the UV cutoff and 2} is the turning point of the hypersurface inside the bulk. The
profile of the hypersurface is given by
1

et [ d-1
dz  \ zt \/_\/K _LQd_2’

L

(6.25)
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which have been obtained by the standard process of extremization. With the identification

2'(0) = L, we get
1

1

L) R

With the assumption of finite boost and thin strip, we may use the following approximations

ZJ_d 2 2 2\
(z—’;) <1, By <2_0> <1, (6.27)

to expand the integral in Eq.(6.26)) around the pure AdS in the following manner

! L e ] 1 oga, 1 411
- = dt t 7 —=[1 4+ =2 — e
5 @‘A TE[_%2x toy -t ]
1
= Z*L (bo + §($dbl + ydfz)) 4. (6.28)
where, t = %, R=1—t*"?2 = (:) = B%4%(2 0) , and the dots indicate higher order

N Y.
terms in ().
In order to express the new turning point z& in terms of turning point 2, of pure AdS
spacetime, we use Eqs.(6.28]) and (6.4) to get

L /2 N 2,0
" by + 3(adby +ylly) 1+ 3(z dbl—i-y L)

2 (6.29)

where y¢ = (27%(% >) and T = Zz—m) Note that we have kept only linear order terms due to
0
the thin strip approximation. Also note that the the turning points z;} and zﬂ assumes the

same value in § = 0 limit.

Now the volume enclosed by the extremal RT-surface is given by

1 4
= dz [K(z) /z U g
Vi = 2V — dz(—
. “ 2)/5 2\ f(z) J. Z<Z*L) \/K(U) ()22

2Vi4_ ) (t)
N

Again we can use the approximation of Eq.(6.27) to expand the functions (K, f) to write the

(6.30)
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volume as

2V 4 dt td !
V. = (j_z)/ — (1—1— (md—i—yd))/ dw w™
o w1 Ay \/ﬁ
2Vd 2)

o —
+ (d;_? (:cd+yd)/ dt/ dww®? .

After evaluating above integrals we use Eq.([6.29)) to express V| in terms of the volume Vj of

(6.31)

the pure AdS spacetime. This leads to

Vig—2)Z* ( (d — 2)mhy )
Vi = Vg — N
1 (0) (d _ 1)2*(0)d—2 2(d _ 1)[)02 Co
Via-2)7" (d—2)r1, Voo g 4
-0 2@t T2 T e (@ +97) . (6.32)

where only first order terms in z¢ and 3¢ are kept. Hence, the change in volume in terms of

the strip length [ is given by

AVL = VL—V(O)

o ‘/(d72)l2 (d — 2)7Tb1
= —4bog(d_ l)Zod |:(2(d _ 1>b02 + (2 — d)CO)

(d - 2)71'[1
+82 [ ——5 e —(d—1 . 6.33
Therefore, the change in HSC is as follows
AV
Al = =L
+ 871G (a41)
Via—?

327G (g 1)bo?(d — 1) 2%
|G )+ (i e -0

(6.34)
which can be recast in terms of AC"(‘D in the following way
Vd—2)l2527200 b
ACY = At — 14 (d—2)(d+1)-2]| . 6.35
+ I 320G g1y (d — 1)B22E * Jd+1) b (6.35)
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This shows that the asymmetry in HSC for a boosted black brane arises due to the presence
of the boost parameter 5. In the limit g = 0, the change in HSC is same for the strip being
parallel or perpendicular to the direction of boost. Further Eq. can be written in terms
of AS) and AS, as

1 AS d—2 d—3
Act) = L__A - . .
i 2(d —1)3 [ (d+ 1)b? 51 b2 (d+1)b? (6.36)

This confirms that AC(j) depends upon both, the change in HEE along perpendicular, as well

as, the parallel direction of boost with respect to the strip.

We have already observed the asymmetry in HSC for the boosted black brane geometry. In

order to get further insight in this asymmetry, we define a quantity

Al — AcpY
“aclrach”

Using Egs.(6.23)) and ((6.36]), we recast Eq.(6.37)) in the following way

R

(6.37)

[ 2-d 1 2] A

2(d-1)37 ~ 2(d—1)3(d+1)b?

Re = 2-d__ . R+2d-5 ’ (6.38)
2(d—1)3b2 2(d—1)3(d+1)b3

where R and A are given by [81],

_AS) 14
N AS| B 1—{—%ﬁ2’72 7

R (6.39)

ASL—AS” 1-R
ASL—FASH 14+ R

5272
= (6.40)
2+ %5272

One can easily verify that Rc > 0 for § > 0. This implies that the non-zero boost parameter
is responsible for the difference in HSC for parallel and perpendicular directions of boost with
respect to the strip. Further, Eq. suggests that the asymmetry in HSC is related to the
asymmetry in HEE. The asymmetry in HEE arises due to the different values of entanglement
pressure in parallel and perpendicular directions [81]. It has been also observed in [91] that the

origin of asymmetry in HEE for spatially anisotropic field theory depends upon the difference
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in entanglement pressure in different directions. Moreover, the results obtained using the

complexity equals action proposal also supports this point of view [92].

Let us now look into the possible maximum and minimum values of R¢o. Eq.(6.38) suggests
that the maximum values of A and R determine the maximum value of Ro. Note that the

maximum values of A and R are obtained in the simultaneous limit § — 1 and zg — 00, keeping

B 232 = zid = constant, such that the perturbative approach remains valid. In this simultaneous
0 I

limit, the boosted black brane spacetime becomes the AdS pp-wave spacetime, given by

L? ~ _
ds? = = (-K7dt* + K(dy — (1 — K Y)dt)? + daf + - + dzl_, + d2?) | (6.41)
with
Zd
K(z) =1+ . (6.42)
9

For this geometry, the entanglement pressure is zero in all directions except the direction of
wave propagation. This implies that the entanglement pressure asymmetry is maximum in
this spacetime. In this spacetime R = ﬁ and A = %, which are maximum. Further, the

minimum value of R¢ is zero when = 0.

6.2.3 Holographic subregion complexity upto second order in per-

turbation

In this section, we compute the HSC in the boosted black brane geometry for a strip-like
subsystem. Again we have considered the strip to be thin enough so that the hypersurface in
the bulk has only penetrated the UV geometry. We want to compute the HSC upto second
order in perturbation parameters (z—;)d and BZVQ(E—Z)CI about the pure AdS spacetime.

It is important to note that for a stationary spacetime one should use the covariant HEE
proposal [93] instead of the RT proposal. Though the boosted black brane is a stationary
spacetime, we have not used the covariant HEE proposal in the previous subsections. At the
first order of perturbative expansion, the sole contribution comes from the metric perturbation

[94]-[96]. Therefore, one may consider the constant time slicing in computing the HEE at

the first order of perturbative expansion. However, at the second order, one can not use the
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constant time slicing (¢t = constant) as the deviations of the minimal surface also contribute in
addition to that of the metric perturbation. But, we can still work with the RT proposal in
the second order of the perturbation if we choose the strip to be perpendicular to the direction

of boost [97]. This happens as the minimal surface still remain in the same time slice.

As the volume depends opon the turning point in the bulk and the turning point itself changes
in the second order of perturbation, we start by computing the subsystem length [. Consider-
ing the strip to be perpendicular to the direction of boost, the length of the strip under the
approximation ([6.27)) is the following

[

! (/)"

2 /0 \/1 z \/K(z (2/2,)2@d-1)

1 td 1 x 1 td 1 ( 1— td
— 2 dt— (14 + 5272—>
[ VR T VR R

1 dl 2.2 4d d d\2 d
2d 2d 5775( t) 4 4 §(1—t) _ll—t
o dt\/_(t T r T\ RE Tir

= |:b0 + — (bl + 62 2[[) + $2d( by + Jl):| , (643)

wheret = 2, R=1-1*"7 z = (2), y? = 6272(%)‘1. The values of by, by, I; and J; are given
in the Appendix. Using the Eq. . the new turning point z, can be expressed in terms of

the turning point z* ) of the pure AdS spacetime as

(0)
Zx
Zx = _ 2.2 — ) (644>
+ g+ e+ (5 + - (B
where z = 2" /2o.
Now the expression for volume upto second order in perturbation is given by
2Via Ldt x4 ¢ 3 xdyd %
V ~ — (1= -
z:”/atd<+ 2 +(8 +4 8)
1 w1
(6.45)

\/K(w — 2d— 1)
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After computing the integrals of the above equation, we arrive at

Wd_g).fd d—2 7Tb1 ‘/(d_Q)gd d—2 7TI[
V = Ve — — 4+ (2—-d — = —(d—-1
©) (d — 1)23_2 d—1 263 + ( )CO (d _ 1)25((1—2 d—1 ng + Co ( )CO
Vi j2d Vi fd_d Vi —2d
—((;J—Q_)Qvoo - (d;l)_z Y Vo1 + (dde_)é/ (U (6.46)

where V(o) denotes the volume for pure AdS spacetime (see Eq.) with

o 3mby d—2 7rb2(d—2)(d+3) cobld—2_ﬁd2—4
0T 8k (d— 1) 83 (d—1)2 bp d—1 2d2—1
. C3 (d—|—2>C1 d— 20011 2K1
vor = ( )Gt ar ) tasa o, Taot
+ d—2 7TJ1 _ (d—2)(d+3)ﬂ'blll
— 1) 13 (d—1)? 453
v . C1 +2K2 —(C . Co )ﬁ_ d—2 7TJ2 (d—2)(d—|—3)7r112
e d—1 " d—=1"by (d—1)2 b2 (d—1)2 8}
(6.47)
Using eq.(6.34]), we may rewrite Eq.(6.46]) in the following way
AC =ACY +Act? | (6.48)
with
Vi ld+2
AC(f) (@=2) [Uoo + 52’}/21)01 — 54’)/4?)11} , (649)

B 87TG(d+1)ng(2b0)d+2
where AC(j) is the first order change in HSC as obtained in the previous subsection and AC(f)
is the second order change in HSC. This second order change in HSC will be used to find an

expression for the Fisher information metric in the next section.

6.3 Fisher information metric and Fidelity susceptibility

In the context of quantum information theory, there exists two well known notions of distance
between two quantum states. They are quantum Fisher information metric, and the fidelity

susceptibility. The Fisher information metric is defined in the following way [82],
G = (6p 6p)) = L (5p-21o (o + 6A3p)] (6.50)
Fax = 0P 0P)\\ = 5 Pd<5)\) g P)lsr=0 .
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where the density matrix ¢ has undergone a small deviation by dp. On the other hand the

fidelity susceptibility is given by

G)\A :8§F, F:tT\/\/O'Ap)\_H;)\\/O')\ s (651)

where F' is called the Fidelity; o and p denotes the initial and final density matrices.

The holographic prescription to compute the Fisher information metric revolves around a quan-

tity, called the relative entropy, defined as [8§]
Sret(pm || po) = A(Hp,) — AS', (6.52)

where, pg is the unperturbed state, p,, is the perturbed state with m as perturbation parameter,

A(H

po) is the change in modular Hamiltonian, and AS is the change in entanglement entropy

when one changes the state from py to p,,. It has been shown in [88] that at first order in
perturbation parameter (m) the relative entropy vanishes and in second order in perturbation
parameter the relative entropy is given by S, = —AS®. From the relative entropy one can

derive the Fisher information metric as
2

0
GF,mm = Wsrel<pm H PO) . (653>

We may now proceed to holographically compute the Fisher information metric for the pure

AdS black brane. The AdS(4;1) black brane metric is given by

2 1 2 2 2 dz’
dS = ; (—fdt + dl’l —+ -4 dxd—l + T) (654)
with
d
0

The inverse of the lapse function can be expanded in terms of the perturbation parameter

m=1/z3 as
1 1
= =1+mzt+m2¥4... . 6.56
EREEE: o

20

In terms of the parameter, the change in minimal area (up to second order in perturbation

parameter) of the hypersurface in the bulk for a strip- like region lying at the boundary is given
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by [79]

‘/(d_Q)a/llz d—1 ‘/(d_g)alholdJrQ 2
A—Ay= 6.57
0 { W2 a1l T T ) ) (6:57)
where
d—1 bl 3(d -+ 1) (05}

ho — N T S e 6.58
0 d+1< ng+4(2d+1)a1> (6.58)

Hence, the relative entropy is given by

1 Via—ayar holdt?
Spet = — 2B 2 (6.59)
4G (441 (2bg )4+2

Note that S, is always positive as hg is negative for all d. Now the fisher information metric

can be derived using the Eq.(6.53]), which reads

82 V(d—z)alhold—m
Gme = _Srel = - .
’ om?2 QG(d+1)(2bo)d+2

(6.60)

In [82], a proposal for computing the above quantity is given. The proposal suggests to construct
a finite quantity
F = Ca(Vimz) — Vo)) (6.61)

where Vg) is the volume for pure AdS back ground, V.2 is the volume up to second order
of perturbation around the pure AdS background, and Cj is a dimensionless constant. Note
that by volume we mean the volume under the RT extremal surface. Further, the constant Cy
cannot be fixed from the first principles of the gravity side. We may now use this proposal to
compute the Fisher information metric for the pure black brane. For the pure AdS black brane

the difference in volume is given by (5 = 0 in Eq.(6.46)))

Via-2)” Vel
_ - _ R A 6.62
Vim?y — Vio) [%OQ(C[ Tyt gy T Uw) (6.62)
with
d—2 7Tb1
The holographic dual of Fisher information metric is defined as [82]
GF,mm = 872nf ) F= Cd (Vm2 - ‘/(0)) ) (664>
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with the constant Cy is to be determined by requiring that the result from above equation
must agree with the result of Fisher information metric obtained from the relative entropy. For
the pure AdS black brane, the constant C; can be obtained using the result in with
Eqs. and , which is given by

hoCLl

Ci=—"—. 6.65
a 4G (441)voo (6.65)
Now the relative entropy for the boosted black brane is given by [80]
Srel = — ! S d+2 (ho + h18*y* + haB*y*) m® (6.66)
rel 4G(d+1) 2b0 0 1 2 .
with
bl (05}
hy = (-2 4+ 22
! ( bo + 2@1)
d +1 bl 3@2
hy = — | —F—+—F—) . 6.67
2 d—l( %@*mmd+n) (6.67)

It is easy to check that hy and hy are negative for all d. Hence, S, is positive for all d. The

Fisher information metric therefore reads

82 1 ! . 2.2 4_ 4
GF,mm = Wsrel = _QG(d+1) (2_1)0) (hO + hflﬁ v+ h?ﬁ Y ) . (668)

On the other hand the change in volume for the boosted black brane is given by

[/(d,Q)F d — 2 bl
— +(2—-d
]_2[)% ( )CO m

V — Vi)

AR (d—1)

Vi olP8% (d— 271,
- e (d-1
wa—1) \a—1z T2~ @=Da)m
V(d_z)ld—i-2

—W(Uoo + 52")/2’001 — B4’}/4'U11> . (669)

This can be used to find the holographic dual of the Fisher information metric as defined in
Eq.(6.64) with the constant Cy as follows

ax ( ho + h15*7? + hy 34" )

Cy=
4G g41) \ Voo + B*y%v01 — fAyton

(6.70)

Note that the constant Cy in Eq.(6.70)) depends on the boost parameter , where as the con-
stant Cy for the pure AdS black brane (see Eq.(6.65])) depends only on the dimensionality of
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the spacetime and independent of any physical parameter. Moreover, the result in Eq.(6.70)
matches with the result in Eq.(6.65) in 8 = 0 limit.

Let us now look at another proposal to compute the fidelity susceptibility using the holographic
duality principle. If one considers that the quantum states depends on a single parameter A,

then for pure states, the fidelity reduces to [89]
(T[T +6N) =1 — Gaa(6N)? +--- . (6.71)

Therefore, the fidelity determines how close two quantum states are. The quantity G, called
the fidelity susceptibility, is a measure of distance between two quantum states. The holographic

formula to compute the fidelity susceptibility in (d+ 1) - dimensional AdS spacetime reads [89)

Vol(Emaz)

et (6.72)

Gax = Na—1

where ¥,,4; is the maximum volume in the bulk that ends at the boundary at a fixed time
slice, R is the radius of curvature of AdS spacetime and ng_; is a O(1) constant. The above
formula have been applied successfully for the mixed states also [89, 98]. Hence we can use this

proposal to compute the fidelity susceptibility for the boosted black brane.

Let us start with the pure AdS black brane. Using the metric (6.54) and the formula (6.72)),
the fidelity susceptibility reads

G)\)\ = Ng— 1Ld 1/ dz——
Vl—:
0
Ng— lLd 1 1 2371
- °B | 6.73
e {d< d’2%+u—1ww1 (6:73)

Note that the above result does not matches with the Fisher information metric in Eq.,
obtained from relative entropy. For the boosted black brane the fidelity susceptibility is given
by

Gy = nd_lLd_l dz—

1— 32(1 — t4) 1

~ 1
e L o

(6.74)



where t = z/2,. Further, changing the variable to p = 1 — %, we get

G = ng L} ! dp Lo 52 !
d\/ — B2 Jo VP (1 - ) e
1 1-4d 1 1 2—d

dy/1 62 B =5 55

—_ ndilLdfl

=8+

1
(6.75)

This expression for fidelity susceptibility matches with the fidelity susceptibility of pure black
brane in § = 0 limit. Again note that the result in Eq. does not match with Fisher
information mteric in Eq.. However, these two quantities are related in quantum infor-
mation theory. The possible reason may be the difference in holographic definition of these
two quantities. The proposal of fidelity susceptibility [89] involves the integration up to the
horizon radius of the black brane, where as the proposal in [88] says to compute the integration
up to the turning point of the hypersurface in the bulk region. Therefore, the computation
of fidelity susceptibility using proposal [89] is exact, as it involves the integration up to the
horizon radius. Hence, it contains the information of the full spacetime geometry of the bulk
region. On the other hand, the prposal in [88] involves computation up to the second order in
perturbation parameter around the pure AdS spacetime. This means that the result does not

contain information of the full spacetime geometry, but the asymptotic region only.

6.4 Summary

In this chapter we have computed the HSC in a boosted black brane background for a thin
strip-like entangling region. The thin strip approximation assures that the hypersurface only
penetrates the UV geometry of the bulk region. This allowed us to compute the HSC up to
first and second order in perturbation parameter around the pure AdS spacetime. In the first
order of perturbation, we see an asymmetry in HSC for a strip parallel and perpendicular to the
direction of boost. We see that there is a relation between the asymmetry in the HSC and the
asymmetry in HEE. It is observed that the different values of entanglement pressure in different

directions is responsible for the asymmetry in HSC. In the second order of perturbation, HSC

88



has been computed only when the strip is perpendicular to the direction of boost. After that
we have computed the Fisher information metric, using the holographic proposal of relative
entropy, for the boosted black brane and the pure AdS black brane. Then the results of
second order change in volume have been used to compute the Fisher information metric up
to an undetermined constant using the proposal [82]. The constant is determined by equating
this result with the Fisher information metric obtained from relative entropy. Next, another
proposal [89] is used to compute the fidelity susceptibility. It is observed that the results of
the Fisher information metric do not match with the results of the fidelity susceptibility [89],

though in quantum information theory they are related.
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6.5 Appendix A: List of Beta function Identities

In this appendix we give some useful Beta function integrals which we have used in the paper.

! a1 1 1 d 1 \/_F(2d 2)
boz/od” \/§_2(d—1)B(2d—2 5) = F( 1 )

2(d—1)
! 1 1 1 0 (5%
blz/ dtt2d_1 — B( d 7_): \/_ ({1—1)1
0 VR 2d-1)"d-12"" (d+1)T L+ 5)
! 1 1 3d 1
b /Odt VR  2(d—1) (2a=2'%
! 1 d+1 1
I = 1 -t = = by — b
: /Odtt ( >R% d—1"' d—1"
Lo 1 d+1 1 s
= [ dt—== ( ' 5) =5
o VR 2d—-1)"2(d—-1)"2"  2(d?—1)h
L 1 2d+1 1 s
c1 = dt = ( 7_):
o VR 2d—1)"2(d—-1)"2"  2(2d+1)(d— 1)b,
1 d
B (1—td) 2 d—2 11 T m(d—2)
02_/0 at R: d—lco+2(d—1)2 (Z(d—l)’2) C(d+1)(d— 1) +2(d—1)260

bod(1 —td) 2 d+2
03_/0dt R d—10t g @

! dt T

o V1I— @ 2(d — 1)by

B2+2 3(1 —t4) 1\ (1—1t%)
Ji = /0 dt 17 ( t!+ Byt (8(1 — Dy 5)) I 220+ B,
)

B27? 31— 1 1—¢
K; :/o ( 1 t + By (W - 5)) ( 7l = ** Ky — 'YK, (6.76)

Njw

1
Ji = =1 ((2d + 1)by — (d+ 1)by)
1
o = gy (3= 2o — 24+ 1)(3 )by + 32 + 1)) — 5
1 d+2
K=sa—n%t qa—n“
P (d+2)(d — 4) d_. (677

=12 T Ra—12 T RA—-1
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I'(m)I'(n)
I'(m+n)

where B(m,n) =

%, %) = 7. Further integrals are

! 1 1 1—d/2 1
= dt ¢4+ — -
o /0 JR  20d-1) Z=1 2
! td 1 11
= [ dt ¢! = B -
“ /0 Vi 2a-nlla=1?
! t2d 1 1+d/2 1
= [ dtt = = B =
2 /0 VR aa-nPaTr e

1 2d+1 1

1
I,= [ dtt 1 —¢* = by — ———byg .
/0 ( i e R L

Some identities we have used are

2 _ 2+d

bo = (2—d)ag, b= mala
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are the Beta-functions and we have used the identity B(z,

)B(x+

(6.78)

(6.79)



Chapter 7

Conclusions

The main goal of this thesis is to study, some of the aspects of holographic entanglement
entropy (HEE) and complexity. The present thesis follows the Ryu-Takayanagi (RT) proposal
to compute the entanglement entropy holographically. On the other hand, we have confined our
analysis to holographic subregion complexity (HSC) only, though there exist different notions
of computational complexity. Our choice is justified by the fact that HSC is proportional to

the volume under the RT extremal surface.

We have started with a brief review of the modified first law of entanglement thermodynamics
for the excited state of a (3 4 1) - dimensional Lifshitz spacetime. Computation of the change
in HEE for a strip-like subsystem, due to the change in background geometry from the pure
Lifshitz spacetime to the asymptotically Lifshitz spacetime has been shown. Then we have
shown the relation between the change in HEE with the change in energy, entanglement pres-
sure, and entanglement chemical potential. This relation is the modified law of entanglement

thermodynamics.

One of our aim in this thesis is to obtain a first law like relation for the change in HSC. For
that, we chose the asymptotically Lifshitz spacetime and pure Lifshitz spacetime as the bulk
dual of the excited state and the ground state respectively. We observe that, up to the first
order in perturbation parameter, the change in HSC is related to the change in energy and

entanglement chemical potential. But, the change in HSC is found to be independent of the
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change in entanglement pressure. However, the change in HEE depends on the change in
energy, entanglement pressure, and entanglement chemical potential. This relation, connecting
the change in HSC to the change in energy and entanglement chemical potential is analogous
to the first law of entanglement thermodynamics. We further note though we have considered a
strip-like subsystem, the first law like relation for the change in HSC is valid even for a disk-like
subsystem. This is obvious, as the change in the shape of the subsystem will only change the
coefficients of various terms in the first law like relation. Moreover, we observe that the change

in HSC is related to the change in HEE. This is an important observation.

Next, we computed the HEE for a strip-like subsystem in (3 4+ 1) - dimensional Lifshitz

black hole. We observe that the finite part of the HEE in the ultraviolet limit depended
(V)

finite

sult corresponding to that of a (3 4+ 1) - dimensional Swartzchild AdS black hole, for which

on the subsystem length [ as S ~ 7 (constant + O(I?)). This is in contrast with the re-

S%Xt)e ~ 1 (constant + O(I*)). We further observe that the leading contribution to the HEE in
the infrared limit comes from the black hole entropy. It motivates us to introduce the notion
of a generalized temperature. The generalized temperature (7)) is being defined in terms of
the renormalized entanglement entropy (Sgpg) as, Tlg = Sg%, where F is the internal energy.
This has been done in view of the first law of black hole thermodynamics (£ = T’LTS’L) We see
that, in the infrared limit, the generalized temperature is nothing but the thermal temperature
(black hole temperature). Moreover, we find that the generalized temperature is non-zero when

the subsystem size becomes zero (% = 0, but 7, # 0). This is completely a non-relativistic

phenomenon.

Holographic entanglement entropy for a strip-like subsystem in the context of a charged black
hole (Reissner-Nordstrom black hole in AdS spacetime) in arbitrary dimension has also been
computed. We observe that there exists a lower bound on the horizon radius due to the
extremality condition of the Hawking temperature. In a canonical ensemble with a fixed black
hole charge (Q)), we have obtained the expressions for the HEE in different possible regimes. We
obtained a first law of entanglement thermodynamics considering the extremal AdS-Reissner

Nordstrom black hole with small charge as the bulk dual of a ground state and the non-extremal
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black hole (in low temperature and small charge limit) as the gravity dual of the excited state.
We observe that the entanglement temperature is dependent on the dimension of the spacetime

geometry.

We have then looked at the HSC for a boosted black brane with a strip-like subsystem. As the
boost can be in a direction parallel or perpendicular to the direction of the strip length, we
have analyzed both of the cases. We observe that there exists an asymmetry in the subregion
complexities up to first order in perturbation parameter. This asymmetry in holographic sub-
region complexity arises due to the asymmetry in holographic entanglement entropies in the
parallel and perpendicular directions. We further observe that the asymmetry in holographic
entanglement entropy owes its origin to the different values of entanglement pressure in parallel
and perpendicular directions. Hence, the unequal entanglement pressure is the cause of asym-
metry in holographic subregion complexity. After that, we have holographically obtained the
expressions for the Fisher information metric and the fidelity susceptibility for the pure black
brane as well as for the boosted black brane. We observe that the expressions for the fidelity
susceptibility do not match with the expressions for the Fisher information metric. This is
in sharp contrast with the results present in the quantum information literature. In quantum
information literature, the Fisher information metric and the fidelity susceptibility are related

to each other in general. This is an important observation of the present thesis.

In the future, we hope to extend our analysis connecting the change in HSC to the change
in energy and entanglement chemical potential for general perturbations to the pure Lifshitz
spacetime. It would be very interesting to extend our analysis for Lifshitz black holes and

hyperscale violating Lifshitz theories.
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